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PREFACE TO THE FIRST EDITION. 

TN the present treatise I have attempted to give an exposition 
■*■ of the Theory of Detenninants and their more important appli- 
cations. In every case where it was possible I have consulted 
the original works and memoirs on the subject; a list of those 
I have been able to see is appended as it may be useful to others 
pursuing the same line of study. At one time I hoped to make 
this list exhaustive, supplementing my own researches from the 
literary notices in foreign mathematical journals, but even with 
this aid I found that it would be necessarily incomplete. In 
consequence of this the list has been restricted to those memoirs 
which I have seen, the leading results of which are incorporated 
either in the body of the text or in the examples. 

The principal novelty of the treatise lies in the systematic 
use of Grassmann's alternate units, by means of which the study 
of determinants is, I believe, much simplified. 

I have to thank my friend Mr Jas. Barnard, M.A of St John's 
College and Mathematical Master at the Proprietary School, 
Blackheath, for the care he has bestowed on correcting the 
proofs and for many valuable suggestions. 

R. F. SCOTT. 

February 1880. 
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REVISEK'S PREFACE. 

rilHE principal changes made in this edition are that some 
-"- account has been given of infinite detenninants, and of the 
elements of the theory of bilinear forms, together with the 
fundamental propositions about elementary divisors. I have 
intentionally refrained, as far as possible, from altering the 
character of the book, or increasing its size. The list of books 
and memoirs relating to determinants has been omitted, Dr Muir's 
bibliography being easily accessible ; instead of this I have given 
a brief account of the earlier history of the subject. The new 
introductory chapter is intended for beginners, who are apt to 
feel discouraged if they first approach the theory in its most 
general form. For a similar reason the abbreviated notation 
employed in some chapters has not been used in those which 
are more elementary. 

Besides original papers, I have consulted Pascal's excellent 
treatise in the Hoepli series, and Muth's Elementartheiler, The 
first volume of Kronecker's lectures on detenninants appeared 
too late for me to consult it. I ought to say that for all the 
changes that have been made I am solely responsible, the revision 
having been left entirely in my hands by the author. 

G. B. MATHEWS. 

Ma^ 1904. 
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-THEOEY OF DETEEMINANTS. 



^ CHAPTER I. 

INTRODUCTION. 



I 



1. Determinants are algebraical expressions of a particular 
type calculated by a systematic rule and expressed by a special 
notation. Accordingly there is a calculus of determinants; and 
besides this there is a theory, dealing with the properties of 
determinants which result from their analytical form. 

The most natural way of introducing the subject is to consider 
a few simple cases of the problem to which the invention of deter- 
minants is due ; namely, the formal solution of a general system 
of simultaneous linear equations. 

If the system is 

OiX + azy + a8 = 
6ia?+ 631/+ 63 = 0. 
the solution is at once found to be 

and in the same way the homogeneous equations 

biX + bzy + b^z^^O) 
lead to the proportion 

X : y \ z = {a^h^-aih^ : {aj^\-aj)^) : {(hh-a^h), 
from which the previous result follows by putting z=l. 

s. D. 1 
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2 THEORY OF DETERMINANTS [CHAP. I. 

Consider next the homogeneous system 

t*i = a^x + a^y + (h^ 4- ait = 0' 
U2 = hiX + h^y + 6a^ + 64^ = ■ . 
t*, = CiO? + Cay 4- c,^ + cji = 

In the derived equation 

'Kui + ^^ + ^Ws = 
the coefficients of z and ^ will vanish if 

Xia4 + Xa64 + ^C4=0; 
that is, by the preceding case, if 

Xi : Xa : X« = (63C4 — 64C8) : (0304 — C4a8) : (08^4 — ^4^- 

Taking the multipliers in this proportion, the derived equation 
becomes 

Q^4-Py=0, 
where 

P^(h {hoi — b^c^) + 62 (csa^ - 0403) + C2 (a864 - Ci4,bs\ 
Q = Oi (63C4 — 6403) + 61 (C8a4 — 0403) + Ci (0364 — a468). 

The expressions P, Q are of precisely similar form, and differ 
only in the sets of coefficients which they involve. It is con- 
venient to write 



P = 



in this notation P is said to be expressed as a determinant of the 
third order. The determinant has three rowSy such as as, a^, a^\ 
three columns, such as a^, 63, c^ ; and nine elements, Oa, 03, ... C4. 



a. 


(h 


04 


h 


h 


b. 


Ci 


c, 


Ci 



With the same notation 



Oi Og a4 

6j ^8 ^4 

Ci C3 C4 
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3 



and it is found without difficulty that the complete solution of the 
given system is 

X —y z —t 



Oa 


Os 


a^ 


h. 


6s 


h 


Ca 


0% 


Ci 



(h as 


a^ 




h h 


b. 




Ci Cs 


Ci 





Ol Oj ©4 




h h h. 




Ci Cj C4 





Oi a^ dt 

61 6a 63 
Ci Cj Cs 

2. We may use this result to solve, by the method of multi- 
pliers, a system of four homogeneous equations in five unknowns, 
and so on. The general result, as will be proved later on, is that 
(n + l) variables satisfying n linear homogeneous equations are 
proportional to (ri +1) rational integral functions of the coefficients, 
each homogeneous and of dimension n in a certain set of n" 
coefficients. These expressions are, in fact, determinants of the 
nth order, analogous to those of the third order above defined. 

A determinant of the first order, |a|, is merely the single 
term a; for the second order, we have 



61 






= 0162 — ^61 ; 



the general rules for expanding a determinant of any order will 
be found in the next chapter. 

3. A convenient rule for writing down the expansion of any 
determinant of the third order is the following, due to Sarrus. 

Let the determinant be 

Oi Oa aa 
61 62 63 

Ci C2 Cj 

Alongside of this repeat the first and second columns in order 

«! ttg ttj ttj tta 



61 



»a 63^ 61 •ia 



Ci' Ca C3 Ci "Ca 

and form the product of each set of three elements lying in lines 

1-2 
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[chap. I. 



parallel to the diagonals of the original square. Those which 
lie in lines descending from left to right have the positive, the 
others the negative sign. Thus the determinant is 

In practice it is not necessary actually to repeat the columns, 
but only to imagine them repeated. 

4. In order to make the notation familiar, proofe will now be 
given of some elementary properties of determinants of the third 
order. They are special cases of theorems which are true for any 
order ; and the reader will easily verify them for determinants of 
the second order. 

Consider the determinant 



J) = 



dl 


(h 


(h 


h 


h 


fes 


Ci 


Ca 


Cb 



ajftaCs— Oi^sCa + o^b^Ci — OjiiCs + (hbiCi— a^bzCi, 



Each term of the expansion is of the form faaJ^Cy, where 
(a, ^, 7) is a permutation of (1, 2, 3); in other words, it is 
a product of three elements, no two of which belong to the same 
row or to the same column. The sign of the term aib^Cz, derived 
from the principal diagonal (that which slopes down from left to 
right), is positive: any other term aJ)^Cy is preceded by the 
sign — or + according as (a, ^, 7) is derivable from (1, 2, 3) by 
a single transposition or two transpositions. Thus half the terms 
are positive, and half negative. 

The value of jD is unaltered if columns are changed into rows 
without altering the positions of Oi, 63, Cg: that is to say, 



tti Oj a. 




«! 


b. 


Ci 


6i 62 is 


s= 


aa 


b. 


Ca 


Ci Ca C, 




«3 


h 


Oz 



This is verified by expanding each side. 

5. If any two rows or columns of D are interchanged, the 
value of the new determinant is — D. For the eflfect of the 
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change on the expansion of D is either to change two letters 
(such as a, h) without altering the positions of the suffixes, or 
else to interchange two suffixes : in each case the result is — JD. 
For instance, if the second and third rows change places, the new 
determinant is 



= OiCsftj — aiC^h^ + daCsfti — OaCiftj + OsCi^a — asCa^i 



<h 


a, a. 


Ci 


0, c, 


ih 


6, 6. 



Hence if two rows or two^ 
D is zero. 



lumns are identical, the value of 



BQlum] 



6. 



We have 

jD = Oj (ftaCj 



• tjCa) 4- Oj (JsCi — ftiCj) + Os (ftiCj - 62C1) 



= «! I 



I 62 h. 



1 Ca 



+ aa 



6a 61 



+ 08 



61 6a 

Ci Ca 



thus D is a linear homogeneous function of the elements Oj, Oa, a^ 
in the first row, the coefficients being determinants of the second 
order constructed from elements in the other rows. D can be 
similarly expressed as a linear function of the elements of any- 
other row or column. 



It follows from this that 

Pl-^■?l, P2+?2, P8+?8 

61 , 6a , 63 

Ci , Ca , Cj 



Pl 


p^ 


Pt 




i. 


h 


h 


+ 


Ci 


c» 


c. 





?1 ?2 ?8 

61 6a 63 

Cj Ca Cs 



and there is a corresponding theorem when the elements of any 
column are binomials. More generally, if each element of the 
first column is expressed as the sum of I terms, each of the second 
as the sum of m terms, and each of the third as the sum of n terms, 
then D can be expressed as the sum of Imn determinants, in each 
of which the columns consist of corresponding terms of the sums 
in question. There is, of course, an analogous theorem with 
instead of " columns." 



rows 
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Again, if the elements of any row or column are multiplied 
by A?, the value of D is multiplied by k. For instance, 

Oi Oa tts 

hi 62- 63 

C\ Cg Cs 

By combining the foregoing results, we obtain the useful 
theorem that 



kOy 


a, a. 




kb^ 


h h 


=Ax 


k<H 


Ca C, 





kai + la^ + ma,, aa, a. 



= A7 X 



cti 


Oa 


as 


h 


h 


6a 


Ci 


Ca 


Cs 



^kD. 



This follows from the fact that the determinant on the left can be 
expressed in the form Mi + ZAa + wAs, where Ai = i), and the 
determinants Aa, A3 vanish on account of the identity of two 
columns. 

7. The product of two determinants of the third order can 
be expressed as a determinant of the third order. 

To see this, consider the determinant 

aa + 6/3 + cy , aa! + 6^8' + C7' , aa'' + 6/9" -h 07'' 

D = a'a + 6^)8 + 07 , a'ol + 6'/9' + cV, a «'' + 6'/S" + cV 

a^'a + 6"/S+ c'V, «"«' +6"^' +cV, «"«"+ 6"^'+ ^V 

By selecting partial columns, this can be expressed as the sum 
of 27 determinants such as ,' « ' 



aa aa' 6j8" 




aa 


6j9' 07" 


a'a a'a' 6'jS" 


> 


a'a 


6'/3' cV 


a"a a"a' 6"y9" 




a"a 


6")8' c'V 



and so on. But of these the only ones that do not vanish are the 
six which, like the second one above written, contain all the nine 
elements of the determinant 



a 6 
a' V 



a 
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Calling this d, and putting 

/8 



«' /S' 7' 
a" ^' y" 



= S. 



each of the set of 27 which does not vanish is the product of d by 
a term of S ; for instance, the one above given is equal to (iff^"d. 
Moreover it is found, on examination, that the sign of the term 
which multiplies d agrees with the sign which it has in the 
expansion of S ; and that every term of Z is represented in this 
way. Consequently 



8. In expressing the product dZ as above, the multiplication 
is said to be effected by rows ; in fact each element of D is the 
sum of products of corresponding pairs of elements of rows in d 
and S. Since the values of d, S are not aflfected by interchanging 
rows and columns, there are four ways of performing the multi- 
plication : the resulting determinants are, in general, distinct in 
form, though their complete expansions are, of course, the same 
identically. 

To illustrate the diflferent methods of procedure, we may 
take the case of two determinants of the second order. By the 
same kind of reasoning as before, it is verified that each of the 
determinants 



aoi +6/3, 
aa+6'yS, 

aa + a ^, 



aa' + h^' 



is equal to the product of 



aa + W , afi + 6/3' 



b 
V 



aa +a a, 
ha + h'a\ 
a 



and 



a/3+a'yS' 
6/3 + V^ 
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CHAPTER 11. 

DEFINITIONS AND NOTATION. ALTERNATE NUMBERS. 

1. Before proceeding to the theory of determinants of any 
order, it is convenient to recall a few theorems relating to the 
permutations of n different things in a line. 

If we have any n elements ai, Oa, ... an> we may call 

Oj, eta, ... ttn, 

where the elements are arranged according to the magnitude of 
the numbers forming the suffixes, the natural or original order of 
the letters. Any other order is called a permutation of the 
elements. One element is said to be higher than another when 
it has the greater suffix. When in any permutation an element 
with a higher suffix precedes another with a lower, we have 
an inversion. 

Thus the permutation a4, o^, Oi, Os, of four letters, contains the 
following four inversions, 

a^a^y claCLi, dids, d^dit 
where we compare each element with all that follow it. 

Following Cramer it is usual to divide the permutations of 
a given set of elements into two classes ; the first class contains 
those permutations which have an even number of inversions, the 
second those which have an odd number. 
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1-2] DEFINITIONS AND NOTATION 9 

2. By permuting the elements Oj, Og, ... On we obtain all 
possible ways in which they can be written. The same result is 
arrived at by writing down all the permutations of the suflBxes 

1, 2, ... n and then putting a's above them. 

By repeated interchange of two suffixes we can get every 
permutation of the given elements from their original order. 

For if we start with two suffixes 1, 2, they have but two 
arrangements, 

1, 2, 2, 1, 

of which the second is got from the first by a simple interchange. 
Taking three elements 1, 2, 3, out of these we can select the duad 

2, 3, whose permutations are 2, 3 ; 3, 2. Prefixing 1 to each of 
these we get 1, 2, 3 ; 1, 3, 2, which are two permutations of the 
given elements. Proceeding in like manner with the other duads 
1, 3 ; 1, 2, we get the six arrangements of three figures 

12 3, 13 2, 2 3 1 

2 13, 3 12, 3 2 1. 

Next take four numbers 1, 2, 3, 4. We get four triplets by leaving 
out one number, viz. 

12 3, 12 4, 13 4, 2 3 4. 

For each triplet we can write down six arrangements by the rule 
just given for three numbers, then adding on the missing number 
we get twenty-four arrangements of four numbers, viz. 



12 3 4 


12 4 3 


13 4 2 


2 3 4 1 


2 13 4 


2 14 3 


3 14 2 


3 2 4 1 


13 2 4 


14 2 3 


14 3 2 


2 4 3 1 


3 12 4 


4 12 3 


4 13 2 


4 2 3 1 


2 3 14 


2 4 13 


3 4 12 


3 4 2 1 


3 2 14 


4 2 13 


4 3 12 


4 3 2 1. 



And so we could go on to write down the arrangements of any set 
of elements. 

The number of arrangements of n letters is 1 . 2 . 3...W orn!, 
an even number. 
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3. If in a given permutation two elements be interchanged 
while all the othera remain unaltered in position, the two resulting 
permutations belong to different classes. This will be proved if 
we can shew that the diflference between the number of inversions 
in the two permutations is an odd number. 

We can represent any permutation of a group of elements by 

A d B e G : (1), 

where d and e are the two elements to be presently interchanged, 
A the group of elements which precede d, B the group between 
d and e, and G the group which follows e. The permutation we 
obtain is 

A e B d G (2). 

The number of invers ions in the two permutations (1) and (2) due 
to the elements contained in the groups 4, ,B and G is in each 
case the same. And since the elements of A precede d and e in 
both permutations we get no new inversions in (2) from these ; the 
elements of G follow both d and e, and therefore give rise to no 
new inversions. We have therefore only to consider the changes 
in the two permutations 

d B e diMA e B d (3). 

Suppose that e is higher than d\ let 5 contain h elements of 
which hi are higher than d and h^ higher than e. Then in the 
permutation d B e we have, independently of the inversions con- 
tained in B itself, 6 — 61 + 62 inversions, because there are 6—61 
elements lower than d and 63 higher than e. 

In e 5 d we have 6—62 inversions on account of e, 61 on account 
of d, and one because e is higher than d ; thus, without counting 
the inversions in_5, we have 6 — 63-1-61+1. The diflFerence between 
the number of inversions in the permutations (3), and therefore 
in (1) and (2), is thus 

6-63 + 61+1 -(6- 61 + 63) = 2 (61-62) + !, 

which is an odd number, shewing that the permutations belong to 
different classes. 
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4. The same result may be arrived at as follows. If there be 
n quantities whose natural order is 

and if in any arrangement we subtract each suffix from all that 
follow it and multiply these differences together, we shall have 
a product whose sign will depend on the number of inversions 
in the given arrangement, the sign being positive if the number of 
inversions is even and negative if the number of inversions is odd. 
If then i, k be any two suffixes chosen arbitrarily which are jbo be 
interchanged, i preceding k in the given arrangement, the product 
of the differences will consist of four parts. 

(i) The factor k — i. 

(ii) and (iii). A set of factors such as ± (r — k\ and ± (r — i), 
where r is some number of the series 1 . . . n excluding i and k. 

(iv) A set of factors such as r — s, where r, s are two 
numbers of the series 1, 2, ... n excluding i and k. 

Then for the given arrangement the product of the differences 
will be 

€ (A? - i) n (r - i) (r-k)U{r-s\ 

where € denotes + 1 or — 1 as the case may be. If now we inter- 
change i and k, the signs of all factors such as (r — A?)(r— i), 
(r — s) remain unchanged, while k—i changes sign. 

Thus on interchanging two elements the product of the differ- 
ences changes sign, i.e. by interchanging two suffixes we have 
introduced an odd number of negative factors and therefore 
of inversions, hence the two arrangements considered belong to 
different classes. 

5. If in a series of elements each is replaced by the one 
which follows it, and the last by the first, we are said to have got 
a cyclical permutation of the given arrangement. If the system 
of elements 

tti, Oa, ... an 

be considered as forming an endless band, if we cut this band 
between Oi and an we have the natural order, cutting it between 



=> 
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12 THEORY OF DETERMINANTS [CHAP. II. 

Oi and tta we have a cyclical permutation of the first order, and 
80 on. 

Such a cyclical permutation is equivalent to n — 1 simple 
interchanges, viz. we move Oi from the first to the last place by 
interchanging the first and second elements, then the second 
and third, and so on, in all m — 1 simple interchanges. Thus 
a cyclical permutation of a given arrangement belongs to the 
same or opposite class as the given one according as the number 
of elements is odd or even. 

6. Every permutation of a given set of elements may be 
considered as derived from a fixed permutation by means of 
cyclical permutations of groups of the elements. 

This is best illustrated by an example. Let the suffixes of 
two permutations of nine elements be 

7, 6, 3, 2, 1, 4, 8, 5, 9 

8, 7, 9, 5, 1. 6, 4, 3, 2 

To obtain the second permutation from the first, we begin by 
replacing 7 by 8, 8 by 4, 4 by 6 and 6 by 7, which completes 
a cycle. Then we replace 3 by 9, 9 by 2, 2 by 5 and 5 by 3, 
which completes another cycle. Lastly, 1 forms a cycle by 
itself 

7. If elements which remain unchanged like 1 in the pre- 
ceding example be considered as forming a cycle of one letter, 
we may state the following theorem : Two permutations belong to 
the same or different classes, according as the difference between 
the number of elements and the number of groups by whose 
cyclical interchange one permutation is got from the other, is 
even or odd. 

For if there be n elements altogether, and p cycles of yii, 
ria . . . Wp letters respectively, the cyclical interchanges are equi- 
valent to 

(ni~l) + (n2-l) + ... + (wp-l) = ni + na+...+rip-/) 

=^71- p 

simple interchanges, which proves the theorem. 

In the example in Art. 6, w = 9, J3 = 3, and thus the permu- 
tations belong to the same class. 
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8. A determinant of the wth order is a function of w' elements, 
which are conveniently distinguished by double suffixes in the 
following manner. The complete symbol for the determinant is 
written 

On ai2 .-. Oin 

Oai Oa ... Oan 
<^ni ^na • • • ^nn 

SO that the element Org is the «th constituent of the rth row, or 
(which is the same thing) the rth constituent of the «th column ; 
rows being counted from above downwards, and columns from left 
to right. The elements may be regarded as being arranged in 
a square block ; of this the line containing Ou, o^, ... Unn is called 
the leading or principal diagonal. 

The actual block of elements, considered pei^ se, is called an 
array, or matrix. More exactly, it is a square array, as dis- 
tinguished from other arrays. 

The expansion of the determinant represented by the above 
symbol is obtained by the following rule : From the array choose 
n diflferent elements such that there is one and only one element 
from each row and column, and multiply these elements together ; 
the product will be a term of the determinant. For example, the 
product of the elements 

situated in the principal diagonal of the square array, is a term of 
the determinant ; this will be called the leading term, and to it 
we attribute the positive sign. 

The sign of any other term 

<%• aw? •••««« 
is determined as follows. From the mode in which the elements 
were selected, it follows that 

/, hy ,., 8, and g^ k, ... t 
are each of them permutations of 1, 2, ...n. Let them contain 
p and q inversions respectively, then the sign of the term 

(^/g 'Cthk*** Cist 

is (— 1)P+^. The sum of all the possible terms with their proper 
signs is the determinant of the array. 
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More simple rules may be given for determining the sign of 
any term. If we interchange any two elements a^b and Oy the 
term does not change its sign. For this interchange is equivalent 
to the interchange of i with h and j with k. By these two inter- 
changes we increase both p and q by an odd number, and hence 
the sign of the term is unaltered. It is therefore usual to give 
to one series of suffixes their natural order, so that one of the two 
numbers p or q becomes zero, and the sign of the term of the 
determinant now depends solely on the number of inversions in 
the other series, and is the same whether the first or second series 
of suffixes retains its natural-order. 

It is thus clear that all the terms of the determinant will be 
obtained from the leading term 

by keeping the first suffixes fixed in their natural order, and 
writing for the second suffixes in succession all possible permu- 
tations of the elements 1, 2, ... n, giving to the product of the 
elements the positive or negative sign according as the number 
of inversions is even or odd. 

Such a determinant is said to be of the nth degree, since each 
term is the product of n elements. It has n\ terms in all, since 
this is the number of permutations of the second suffixes, each 
of which gives a term of the determinant. Half of these terms 
have the positive, the rest the negative sign. 



9. Various notations are employed for the determinant of 
a system of n* elements. Cauchy and Jacobi denoted it by 
drawing two vertical lines at the sides of the array, or by writing 
+ before the leading term and prefixing a summation sign. 

Oil, ttia, ... am =X±aiia^. 

^21> ^22, ... a-2n 



^ni> an2, ... (i'nn 

Sylvester uses the umbral notation 
1, 2, ... n, 
1, 2, ...n. 
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If the determinant be written in the form 

^, y\y ^1, •• 

^a> y^t ^2> '• 



15 



^ny Vm ^m •• 

we may denote it by 

|«t, yi, Zi, ...| (i=l, 2, ... n), 
meaning by this that i is to take the different values 1, 2, ... w in 
succession. Lastly, the determinant with double suffixes may be 
denoted by 

!««! {h *=1, 2, ... w), 
the bracket at the side telling us what values the suffixes i and 
h take. 

This notation is, I believe, due to H. J. S. Smith, who 
employs it in his report on the theory of numbers, Brit Ass, Rep.y 
1861, p. 504. It clashes with Weierstrass's use of the symbol | z \ 
to denote the absolute value pf the complex quantity z ; but this 
does not lead practically to any confusion. 

If we use the symbol |a„ni, the explanatory bracket becomes 
unnecessary, since the notation now indicates the order of the 
determinant, and it is, of course, understood that the elements 
unexpressed are of the type a^,, with r^n, s^n, 

10. Illustrations of the rule for expanding a determinant will 
be found in the introductory chapter. It may be observed that 
when the elements are represented by literal symbols with single 
suffixes, it is usual to write the factors of any term in the dictionary 
order of the letters : its sign is then determined by the class of 
the permutation of the suffixes. For instance, 

+ 02^3(^1^4 — a3b2Cid4 — 0^63^4 c?8 + dibiC^ds, 
+ 016402^8 — a4 6iC2C?8 — ciib^Cids + a4b2Cid^ 
+ 016304(^2 — 036104^2 — 016408^2 + a^biCads 
+ 036401^2 — aJ)3Cid2 — azbiCidi + a^b^c^di 
+ 0264^8^1 — aJ)2Czdi — Osb^Czdi -f atbsCzdi. 



0, 


h 


Ci 


d. 


Oi 


h 


<k 


d. 


<h 


bs 


c. 


d, 


a. 


h. 


Ct 


d. 
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16 THEORY OF DETERMINANTS [CHAP. II. 

Id the double-suffix notation, the same expansion is, in the 
same order, 

I 0^44 1 = <hi(hi(hi<^u — <hi(hi(hi(^u "" (hi<hi(hi<^u + ©tc. 

11. If we interchange rows and columns in the determinant 
of Art. 9, we get 

(Xia, 022, ••• ^na 



(hm ^2n> ••• ^nn 



This is the same as the original determinant with the suffixes 
of each element interchanged. Its expansion is then obtained 
from that of the original determinant by interchanging in each 
term the suffixes of each element. That is to say, in the term 
aiiCi22...ann we keep the second suffixes fixed in their natural 
order and write for the first suffixes all possible permutations of 
1, 2, ... n. But the reasoning of Art. 8 shews that each term in 
the new determinant has the same sign as the corresponding one 
in the original determinant. 

Thus a determinant remains unchanged in value when its 
rows and columns are interchanged. 



Alternate Numbers. 

12. The magnitudes with which we deal in ordinary or 
arithmetical algebra are subject, as regards their addition and 
multiplication, to the following principal laws: 

(i) The associative law, which states that 
(a + 6) + c = a+(6 + c) = a + 6 + c, 
and that a6 . c = a . 6c = ahc. 

(ii) The commutative law, which states that 
a + 6 = 6 + a, 
ab^ha. 
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10-13] ALTERNATE NUMBERS 17 

(iii) The distributive law, which states that 
(6 4- c) a = 6a -I- ca^ 

The researches of modem algebraists have led them to con- 
sider quantities for which one or more of these laws ceases to 
hold, or for which one or more of these laws assumes a diflFerent 
form. 

Numbers, whether real or ideal, which follow the laws of 
arithmetical algebra will be called scalar quantities. 

We shall find it useful to consider a class of numbers which 
have received the name of alternate numbers. These are deter- 
mined by means of a system of independent units given in sets 
like the co-ordinates of a point in space; such a set will be 
denoted by Ci, ^a, ... «„. A number such as 

-4 = Oi^i -f 02^2 + . . . + anOm 
formed by adding the units together, each multiplied by a scalar, 
will be called an alternate number of the nth order. 

In combination with scalar quantities and with units of other 
sets these units follow the laws of ordinary algebra. In combina- 
tion with each other the units of a system follow the associative 
law and the commutative law as regards addition, but for multi- 
plication we have the new equation 

eret=-eser (1), 

when r, s are unequal ; and 

er'^0 (2) 

for all values of r. 

13. If J. =0161+ 02^2 + ••• +anen, 

-S = 61^1 + 62^2 + . . • + bnCn 

be two alternate numbers of the nth order, we define their product 



as follows : 



AB = ^arBrXbges 

r « 

=s ^arbgerCg. 



S. D. 
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18 THEORY OF DETERMINANTS [CHAP. XL 

Hence, by equations (1) and (2) of Art. 12, 

Thus clearly AB = — BA and A^ = 0, proving that alternate 
numbers have the same commutative law of multiplication as 
the units. 

14. If k be any scalar 

{A +kB)B ^ AB '^kB'^ AB, 

so that the product of two alternate numbers is not altered if one 
be increased by a multiple of the other. 

If we have a product of more than two numbers 

ABC i, 

it follows that for one of them, say (7, we can write 

G-\-k^A +k^B-\- ... +krL, 

and the product will still remain unaltered. 

Alternate numbers belong to that class of algebraical magni- 
tudes for which multiplication is a determinate, but division an 
indeterminate process. In fact 

^ = A+kB. 

where k is an arbitrary scalar. 

The continued product eie^ ... ^n of all the units of a set will in 
future be assumed to be unity. An explanation of this assumption 
will be given later on. 

16. If, now, we take a square array of elements such as that 
in Art. 8, we can form a system of n alternate numbers of the wth 
order by taking the elements of each row to form the coefficients 
of the units in the numbers. Let P be the product of all these 
numbers, so that 

P = (Oiiei + Oiaea + ... + Oin^n) ((hi^i + 0.^62 + • .. + a^en) • •• 

On multiplying out the factors on the right, 

P= XdipOgq ... ansCpeq ... Bg, 
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Since epe^.-.e, = if any two units are alike, it follows that in 
every term on the right which does not vanish ^, 9 ... « is a permu- 
tation of 1, 2 ... n. It follows at once from the law of multiplication 
(equation (1), Art. 12) that 



€p€q • • • €s — ( •'■/ ^i^j . . . Cn> 



where v is the number of inversions in the series CpCq 



..«,. 



Thus P = eie2...enX(-iyaipagq.,.an9, 

but the term under the summation sign is a term of the deter- 
minant of the system of elements, with its proper sign. Thus 

* ^ I ^n I ^1 ^2 • • • ^n 

Hence the determinant of a system of n^ elements is expressed as 
a product of n alternate numbers linear in these elements. From 
this it immediately follows that if all the elements of a row are 
multiplied by the same number the determinant is multiplied by 
that number, and if all the elements of a row vanish the deter- 
minant vanishes. 

In future we shall write for a determinant of the nth order 
whichever of the forms 

l^nnl, n^y, 2 ±011053 ... Clnn, 

(Ar = On 61 + Oya^a + . . . + Um^n) is most Convenient. 

16. If the determinant is so constituted that the diflferent 
&ctors of which it is composed do not contain all the units, its 
evaluation is frequently effected with ease. 

For example, the determinant 

Oil, 0, 

Oai, O22, 



Ctm 



..a„ 



in which all the elements above the leading diagonal vanish 
reduces to the product Ou Oa-.-Onn. 

2—2 
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20 THEORt OF DETERMINANTS [CHAP. II. 

For it is equal to the product of the alternate numbers 



Since the first number contains e^ and ei only, all terms in the 
product of the remaining fectors which contain ei disappear when 
multiplied by this factor, so that as far as we are concerned we 
may suppose Oa, asi...a„i to vanish. The second number reduces 
to a22^2> aiid the product of the first two to auBiO^e^. We may 
shew in like manner that 033, ^42... may vanish, and so on. Finally 
the product reduces to 

dii^i (122^2 • • • <^nn^n = (hi^^ '" (^nn* 

By an interchange of rows and columns it follows that the 
determinant for which all the elements below the leading diagonal 
vanish also reduces to its leading term. 

17. As another example let us consider the determinant 

0, 003(01 + 02), C0S(Oi + O8) 

cos(o2 + Oi), 0, cos(a2-t08) 

cos(os + Oi), 003(08 + 02), 



Z) = 



of order n: the element in the rth row and 5th column is cos (o^ + o,) 
unless r = s, when it vanishes. 

Substitute for the cosines their exponential values and write 
Then D is the product of such factors as 

where E = ai6i + 0^2 + -" + OLnOn, 
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16-17] EXAMPLES 21 

Thus if asE+-^A„ 

we see that (- 2)« D = 11 {2e, cos 2a, - Ag), 

Now observe that since the quantities A, depend only on the 
two alternate numbers E and F, the product of more than two of 
them must vanish. Hence expanding 

2 cos 2an 



(—2)** 2) =2** cos 2aiCOs 20^,.. cos 2an— 2** cos2ai ... cos 2a„ 2 



+ 2^ cos 2a, ... cos 2an 2 ^f --^n-^^n^i^n 

4cos2a,i_iCos2an 



Now eie2...en-iAn^ei ...en 



(«^^£) 



= — ^ + On' = 2 COS 2an. 
On 



Thus 



\ On On-i/ 

cos 2ai cos 2a, . . . cos 2a„ cos 2ar cos 2a, ' 



i-ir-'D ^ sin' (a,-a,) 

COS zoi . . . COS 2an ^ ^ COS 2ay cos 2a, 

where (r, «) are all duads derived from 1, 2 ... n. 
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CHAPTER III. 

GENERAL PROPERTIES OF DETERMINANTS. 

1. If two columns or rows of a determinant be interchanged 
the resulting determinant is equal in value to the original, but of 
opposite sign. 

Let D =^U (anei+ ... +arifis + ... + artet + ... + a^^^n) = n^,. ; 
then, if D' is the determinant got by interchanging the sth and 
tih columns, 

Z)' = n (ayiei + ... + artes-h ... + arsCt + ... + amen); 
but since in addition we follow the ordinary commutative law, 1/ 
is got from D by interchanging eg and et in the product on the 
right. This leaves the scalar factor unaltered but changes the 
sign of the product of the units, thus 

Interchanging two rows of a determinant, say the rth and 5th, is 
the same as interchanging the two factors Ar and A, on the right : 
this is equivalent to an odd number of inversions, and hence by 
the rule of multiplication changes the sign of the product. This 
second argument, in fact, proves both parts of the proposition, 
since D is unaltered by changing rows into columns (n. 11). 

2. If two rows or columns of a determinant be identical the 
determinant vanishes. For by the interchange of the tvo columns 
in question the determinant changes sign, but both columns being 
alike the determinant remains the same, thus 

Z) = ~D or 2) = 0. 
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3. If each element of the rth row consist of the sum of two or 
more numbers the determinant splits up into the sum of two or 
more determinants having for elements of the rth row the separate 
terms of the elements of the rth row of the given determinant. 
For if D^UA,, 

and Ar^ (an + bn) «i + (a« + 6«) e, + . . . -h (ar» + bm) «n 

= («««! + ... + amen) + (6n«i + ... + tm^n) 

since A^ ... Ar ... ^n = A^ ... (A'r+Br) ... An 

= Ai ,,. A r •" An + Ai,,, Br "» Ant 

we have D = A + A. 

where Di and Z), are determinants having for elements of the rth 

row in the sth place «„ and 6„ respectively. 

Repeated applications of this reasoning shew that if the 
elements of the rth row consist each of the sum of p elements, then 
the original determinant can be resolved into the sum of p deter- 
minants having for their rth rows the terms of the elements of the 
rth row of the given determinant. 

The same theorem would apply if the elements of a column 
consisted of the sum of elements. In fact whenever a theorem 
applies to rows it applies equally to columns, as these can be inter- 
changed (ii. 11). 

In future, when a theorem is stated with regard either to rows 
or to columns, it is to be understood as applying also to the other. 

4. The value of a determinant is not altered if w^e add to the 
elements of any row the corresponding elements of another row, 
each multiplied by the same constant factor. 

For if we add to the elements of the rth row those of the sth 
row, each multiplied by p, the resulting determinant is 

Ai...{Ar+pAs)...As.,.An^Ai...Ar...A,...An-\-pAi...Ag...Ag...An 

= Ai.».Ar-''Ag..,An, 

the other product vanishing, since it contains two identical factors. 

For brevity the operation of adding corresponding elements of 
two rows is usually spoken of as adding the rows. 
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6. The theorem of the last article is of great importance in 
the reduction of determinants. The following are examples of 
its application: 

(i) If corresponding elements of two rows of a determinant 
have a constant ratio the determinant vanishes. For we have 
only to multiply the elements of one row by a proper factor and 
subtract them from the elements of the other when all the 
elements in that row will vanish, and consequently the deter- 
minant vanishes. 

Of a similar nature are the two following theorems, which may 
be proved without difficulty : 

(ii) If the ratio of the differences of corresponding elements 
in the pth and qth rows to the difference of corresponding ele- 
ments in the rth and «th rows be constant, then the determinant 
vanishes. 

(iii) If from the corresponding elements of Z + 1 rows we 
form the lih differences and from the corresponding elements of 
m + 1 rows the mth differences (the second set of rows being at 
least partially different from the first set) ; then, if the ratio of 
corresponding differences is constant, the determinant vanishes. 



(iv) Let 



D: 





...«. 
...«, 


M«, t>„ 


.-.tn 



Subtract each row from the one which follows it, beginning with 
the last but one. Then, if 



we have 



Z) = 



u^, Vi ... ti 

Ai^i, Avi ... A^ 

AU2, ^V2 ... A^2 



AUn-u AVn^i... A«n-i 

Repeat the same operation, stopping short at the second row. 
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A% 



A*M„^2. A«i;,»^... A*^^j 
Proceed in this way, leaving out a row each time, and we see that 



i) = 



Ai£i, A^i 
A«t*i, A^Vi 



... ^ 
... A^ 
... A% 



A«~H^, A'^-H;! ... A~-"«i 
where generally : A*'u< = A''~*i*<+i — A*'"*!/^. 

Suppose now that u^ is a polynomial in a; of degree 0, Vx one of 
degree 1, and so on, then all the elements below the leading 
diagonal of D vanish, and 

i) = Ml . Avi . A*m;i ... A"^i«i. 
For example, if 

m(m — 1) ... (m— p+ 1) 
1.2.,./) 



771p: 



, mo=l, 



^, 



m. 



m* 



For here 



(m + d)o, (m + d)i ... (m + dX- 
(m + rd)o, (m + rd)i . . . (m + rd)r 






6. In a determinant of the form 

0, 1, 1, 1 ... 

J, fltu, tti2, ttu ... 

1, Oja, an, Oas ... 
1, Chn, Or,, Oss ... 



every element of which a„ is a type can be replaced by 

where Ar ^^^ h are arbitrary quantities, without altering the value 
of the determinant. 
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For multiply the first row by K and add it to the rth row, then 
in this row the first element is still 1, while in place of Or, we have 
o>r8 + K' Now multiply the first column by k, and add it to the »th 
column ; the element in the first row is still unchanged, while the 
element under discussion has become ara + K + k,. 

These transformations have left the value of the determinant 
unaltered, 

7. We are now in a position to solve the system of linear 
equations 

OuiTi +aia^a + ... +ain^ti = ^> 
a^Olh + 022^2 + . . . + Oan ^n = ^2> 



Take alternate units e^, ^a.-.^n; multiply the first equation 
by $1, the second by e^, ... the last by en, and add the results. 
We thus get 

where Ar = 2a,re,, and U = Sw^e^. 

8 

Multiplying by -4.2 4 3 ... -4n, we obtain 



^i|ann| = 



Ui, ©12 ••• ^n 



and in general Xg is obtained by substituting in the determinant 
\ann\ for the elements of the 5th column the quantities i^i, i^, ... Wn, 
and dividing the resulting determinant by |an»|. 

A system of (n-h 1) homogeneous equations in n variables may 
be treated in the same way. We shall return to the subject of 
linear equations later on. 

8. If p rows of a determinant whose elements are rational 
integral functions of x become identical when a: = a, then the 
determinant is divisible by (a? — a)P~\ For subtract any one of 
these rows from each of the remaining p — 1 rows ; the determinant 
remains unchanged, but now when a? = a all the elements of these 
jp — 1 new rows vanish, ^lence each element divides by a? — a, and 
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thus dividing each of the p-^l rows by this factor we see that 
the determinatit divides by (x — a)^\ 

If when a? = a the rows are not equal, but only proportional, 
the theorem is still true. 



Ex, The value of the determinant 



X, a a 

a, X a 



(n rows) 



IS 



a, a X 

{x + (n-l)a}{x-ay'\ 

For if ^ = a the n rows all become identical, thus the deter- 
minant divides by (x — a)'*~^ 

Adding all the rows to the first, each element in that row 
becomes a? + (w — 1) a, this is therefore a factor in the determinant. 
Thus the determinant divides by 

{a? + (n - 1) a} (a? - a)"~\ 

This is of the same degree as the determinant, and as the co- 
eflBcient of x^ in the determinant and in the product is unity the 
determinant must be equal to the product. 
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CHAPTER IV. 

ON THE MINORS AND ON THE EXPANSION OF A 
DETERMINANT. 

1. If from the n rows of the array 



^niy ^n2 ••• (^nn 



we select any p rows, and then from the new array which these 
form select p columns, these when written in the form of a deter- 
minant constitute a minor of the given system. Such a minor is 
said to be of the pth order. 

Since we can select p rows from n in 

n(n-l)...{n-p+l) _^ 
1.2...2> ^^ 

ways, and p columns from n columns in a like number of ways, 
it follows that the given system of order n has (rip)* minors of 
order p. 

2. If out of the n —p rows which remain after the above p 
have been selected we take those n—p columns whose column 
suffixes are diflferent from those selected in the minor of order 2?, 
we have another determinant of order n—p said to be comple- 
mentary to that of order p. 
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For example, in the detemiinant 



^ii» ^a> ^s> flti4> ^8 
Oja, Osg, a^t, ... 026 



«B1, OiJi ««» ' 






and 



^48> ^44» ^48 



are complementary minors. 



3. If p = 1, i.e. if we take a single element, the complemen- 
tary minor is a determinant of order n — 1, which is called the 
complement of the element. This complement is obtained from 
the original determinant by omitting the row and column in which 
the selected element stands. For example, the complement of the 
element an, which we denote by Ars, is 



^.1 



Ch.* 



^,«+i 



ai.i 



^r-1,1 ••• ^r— i,«-l> ^r— i,«+i ••• ^r-i,n 



a„ 



^n,«--i> ^,*+i 



On.i 



This is sometimes spoken of as a first minor of the given 
determinant. In like manner the determinant formed by omit- 
ting p rows and p columns would be called a pth minor ; it is 
to be observed that a pth minor is a determinant of order n—p, 

4. We may extend the meaning of complementary minors as 
follows : From the array in Art. 1 select p rows and p columns, 
then from those that remain q rows and q columns, from those 
that remain r rows and r columns, and so on. With the elements 
in these selected rows and columns form determinants; these will 
form a complementary system of minors if 

p + g + r+ ... =n. 

The number of ways in which we can form such a system is 

[p\ ql r\ ...J 
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It is of course permissible that one or more of the numbers 
/>, 5, r . . . should be unity ; the corresponding minor is then a 
single element. For the determinant 

I Oil ... Oie 



024, ^25 

034, 035 



^51 



I a«l ••• ^68 

the minors 

Oi2> (hit ^6 

CZ42, CL4Sf ^46 

form such a complementary system, and there are 3600 systems 
of this type. 

6. We have hitherto only considered the product of a set of 
alternate numbers equal in number to the number of units. Let 
us now consider the product 

(01161 + 012^24- ... +Oine„)... (Owi6i4-aw2«a+--. + at,m«n); 

this is equal to 

AdipCL^ . . . Ctmr^p^q • • • ^r > 

where p, q ... r consist of all combinations m at a time from 
1, 2 ... w, repetitions being allowed. 

First, if m>n, we must have repetitions in every term of the 
sum, and hence [ii. 12, equation (2)] the whole vanishes. 

If m = n, we have the case of ii. 15, and the sum is the deter- 
minant { Onn I • 

But if m<n, the sum is formed by taking for p,q ... r all 
m-ads from 1, 2 ...n and permuting the elements of each m-ad 
in all possible ways. 

Namely, the term 

Ctip^hq • • • fhnr^p^q • • • ^r 

is got by taking Oi^^p from the first factor of the product, a^eq from 
the second ..., and a^rer from the last factor. But we should still 
get the product of the units e^eq... Cr, though in a dififerent order, 
if we take the|?th term of some other factor than the first, the g^th 
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of some other than the second, and so on. The term of the product 
which multiplies epCq ... ^r is thus got from 

by permuting p^q.^.r in all possible ways, and giving to each 
term the sign corresponding to the number of inversions in its 
second suffixes, p,q,,»r being considered the original order. The 
sum of these products is 






(hr 



a„ 



dmpydynq 

Hence the product of the m factors is equal to 



Clip, CLiq 



.. Uir 



Clmr 



^p^q • • • »r 



.(1). 



(^mpt Clmq 

In like manner, if we take the remaining factors necessary to 
form the determinant | a„n |, we have 

(am+1,1 ^1 + . . . + Ctm+i,n ^n) • • • ((^n,i ^i + . • • + On.n ^n) 



= 2 









On.i 



ttn.tj 



■*n,w 



^u^v ••• ^M 



.(2), 



where u, v , 

1,2.. .71. 



w; is a combination of n — m numbers selected from 



Now multiply the equation (2) by the equation (1) and we 
obtain 

|a„„| = 2{(-l)-' 



dipt diq 



dir 
Chnr 









where from the nature of the alternate numbers e it follows 
that the two determinant factors under the summation sign are 
complementary minors, and v is the number of inversions in 

epBq ... ere^ev.,. e^ or in p, q ... r, w, v ... w. 
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This theorem, usually called Laplace's theorem, gives the 
expansion of a determinant in the form of a sum of products of 
complementary minors. 

It is assumed in the above that the complementary minors are 
formed from the first m and last n — m rows. Since by a suitable 
change of the order of the rows and sign of the determinant any 
m rows can be brought into the first m places, this is no real 
restriction. 

6. For example, we have 

= (12) (34) + (23) (14) + (31) (24) 
+ (34) (12) + (14) (23) + (24) (31), 



ttl, 


Oj, 


<h, 


a^ 


hu 


h. 


h. 


b. 


Cl, 


Ci, 


c», 


C4. 


d,. 


d,. 


d., 


d. 



where for brevity 

(12) (34) = 

In like manner 



6i, 6a 






&c. 



fli, Oa, (h> C^4» 0^6 

61, 62, ^8, K ^6 

^1, Cj 

di, di 

where 



= (123)(45)+(142)(35)+(134)(25)+(243)(15) 
+(125)(34) + (315)(24) + (235)(14) 
+(145) (23) + (425) (13) 
+ (345) (12), 



(123) (45) = 



Oi, Oa, a. 




d,.d. 


61, 6a, 63 




C4, «5 


Ci, Cj, Ci 







&c. 



7. If when the determinant is divided into two sets of m and 
n — m rows there are n — m columns of zeros in the set of m rows, 
the determinant reduces to the product of the minor of the 
remaining m columns and its complementary minor. 

This is clear, for with the exception of this single minor of 
order m all the others vanish because they contain at least one 
column of zero elements. 
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If the set of m rows contains more than n—m columns of 
zeros the determinant vanishes. 



Thus, for 


examp" 


e: 










Oi, aa, 0, 


= 


Oi, Oa 


Cs, C4 




6i, 6«, 0, 




61, b. 


(4, ^4 




Ci, Cj, Cj, C4 




!«. 


du di, dj, (^4 




le 




Oi, a,, 0, 0, 


= 0. 






61, 6„ 0, 0, 








Cu C2, 0, 0, 








du da, dj, ^4, ^6 








61, ^2. 


ez, 


^4, ^5 1 





8. In Art. 5 we resolved a determinant into the sum of 
products of pairs of complementary minors. We can however 
resolve it into a sum of products of as many complementary 
minors as we please. 

For we can divide up the n factors whose product is | Unn \ as 
follows: Take the first u, the second v.,., the last w. The product 
of the first u factors would be of the form 



dipt dig 






or 



dupt duq ... dur 
^JJu€p6q ... €j^f 



p, q ,,.r being u numbers taken from 1, 2 ... n without repetition 
and Du a minor of order u from the first u rows. 

In like manner the product of the next v factors would be 
^D^efCg ... ^A, 
2)„ being a minor of order v chosen from the v rows. 

Lastly, the product of the w factors would be 

with a similar meaning for the quantities involved. 

s. D. 3 
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Now form the product of all the factors, taking care to keep 
them in their proper order ; then 

where i)„, D^,... D^t, form a system of complementary minors of 
the determinant |ann|- 

The sign of the term is determined from the number of inver- 
sions in 

p> q-'-r,/, g...h, r, s...t 

9. If in Art. 5 we restrict the first product to the single 
factor 

an^i + a»^+---+am«n (1), 

the second product becomes 

Ar,E,-hAr,E,+ ...'{-A^E^ (2), 

^here A^ is the complement of a„ (Art. 3) and 

Ji^S — ^1^2 • • • ^8—1^8+1 • • • ^n» 

For we get a term of the product by leaving out each unit 
such as eg in. turn, i.e. by forming a determinant with the remain- 
ing n — 1 columns ; and since we previously omitted the rth row of 
the given determinant, this determinant is Are* 

Now multiply the n — 1 factors which form (2) by the remain- 
ing factor (1); we obtain 

(- 1)*^! |a„„| = anAn - a«^„ +...+(- iy-ia^,il«+ .... 
For egEs^eg. ^i ... eg^^eg^i . . . e^ 

BgEt = if 5 is not equal to t 

The factor (— l^-"^ on the left is accounted for in the same 
way. 

Thus |a„„| = 2(-)-+*a,^^,. 
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For example, 



Oi, tta, Os, a^ 

&i. h> hi, 64 

Ci, C2, Cs, C4 

di, da, ds, C^4 



= Ci 



+ Cs 



Oa, a„ a4 


-Ca 


6„ 63, b. 




da, ds, d4 





«!, Oj, 


o« 


il, ^8, 


6. 


d., d., 


d* 



Oi, Oj, O4 


-Ct 


6„ 6., 6« 




di, di, dt 





Ol, 


a„ 


a. 


6., 


6., 


6. 


d^, 


d,. 


c?. 



10. In the final equation of Art. 9 Ars is got from \ann\ by 
erasing the rth row and sth column and writing the remainder as 
a determinant. It is however more symmetrical, and sometimes 
convenient, to give to Ars a different form obtained by a series of 
cyclical permutations of rows and columns. 

In Ars remove the first row by a series of interchanges to the 
last place, then move what is now the first row to the last place, 
and so on, until we arrive at what was tl;ie (r — l)th row, which we 
remove to the last place. This introduces (r — 1) (n — 2) changes 
of sign. 

Now remove the first column to the last place, and so on, s — 1 
times, necessitating (5 — 1) (n — 2) changes of sign. In all we have 
introduced 

(r- 1) (n - 2) + (s - 1) (n - 2), or (r + «) n 

changes of sign (an even number of changes being neglected). 
So that, if the new determinant is called A'rs, we have 

A'rs^i^ir^^^'^ Ars. 

and |an„| = 2 (-l)<-+« (*•+*) a,,^;„ 

where 

^r+l, »+l , ^r+i, 8+2 • • • ^r+i, n ^r+i, 1 • • • ^r+i, »— 1 



A'„ = 



^i,»+i» ^1,8+2 ^,n, ^,1 ^8—1 



<*r— 1, «+i , Cir—i, «+a • • • ^r-i, n^r-i, 1 • • • ^r-i, »-i 



3—2 
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For example, 
















Oi, Oa, Os 


= 61 


Cj, C3 


+ 6, 


C,, Ci 


+ 6, 


Ci, c. 




6i. 6„ 6s 




Oa, Os 




a„ ai 




Oi, as 




Cj, Ca, C3 






In future we shall always write 









and suppose that Art has its proper sign. 

11. We may arrange the complements of the elements of a 
determinant in another square array, and then the two arrays 

(hi (hn I -^11 -^m I 

(1) [ (2). 

are said to be reciprocal. 

If now a sum be formed by multiplying each element of a row 
of (1) by the corresponding element of a row of (2), and adding 
these products together, the sum is equal to the original deter- 
minant or zero, according as the two rows have the same suflSx or 
not. Namely, 

OnAgi + ar^Asi + ... + amAsn^\ann\ OT 0, 

according as r is or is not equal to s. 

For if r is equal to s the sum on the left is the expansion of 
the determinant according to the elements of the rth row, but if r 
is not equal to s the sum on the left is what the expansion of the 
determinant would be, if its rth and 5th rows were identical, but if 
the elements of two rows are identical the determinant vanishes. 
In like manner, if we multiply the elements of a column of (1) by 
the corresponding elements of a column of (2), we get 

OirAit + dirA^g + . . . + a^rAngy 

and this sum is equal to |a„»| or 0, according as r is or is not equal 
to s. 

Kronecker has introduced the symbol S„ to indicate 1 or 
according as the integers r, s are equal or unequal. With this 
notation, we have 

l,atrAtt — Brt\ann\' 
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12. If all the elements of a row vanish the determinant 
vanishes, as we see at once by expanding the determinant accord- 
ing to the elements of that row. If all but one vanish the 
determinant reduces to the product of that element and its com- 
plement; viz. if all the elements of the rth row vanish except a„, 
then the determinant reduces to a^A^t. 



Thus for example, 

dyX, ttu ... Oiji 

0, aa...ajn 
0, a„...a8» 



0, dna • • • C^in 
0, Oa On. ..(ha 

0, 0, a„...a,n 
0, 0, a«n 






0, a,8...awi 
0, a^ 



(hm 



= aiia22a,j...awi. 

13. The theorem of the preceding article is of use in evaluat- 
ing a determinant by reducing it to one of lower order. If the 
determinant is not of the required form to begin with, it can 
sometimes be reduced to it. We may exemplify this by finding 
the value of the determinant 



i>r= 



0, a, a ,.,a 

b, 0, a ,,.a 

b, b, ... a 

6, 6, 6...0 



(r), 



the suffixes denoting the order of the determinant. The elements 
of the leading diagonal are zero, those* to the right of it all equal 
to a, and those to the left all equal to. 6. 
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If we subtract each row from the one which follows it, begin- 
ning with the last but one» 



2)r = 



0, a, a, a . 
b, -a, 0, . 
0, b, - a, . 



0, 0, 0, 0... -a 



(r). 



The first column contains only one element, hence 
Dr=-b 



a. 


a. 


a, 


a... 


b, 


-a. 


0. 


0... 


0, 


b. 


-a. 


0... 


0, 


0. 


b. 


— a... 



(r-1). 
Regard the elements in the first row as 

a + 0, + a, + a... 
then we can resolve the determinant into the sum of two: 



Dr^^b 



a, 0, 0, 0... 

b, -a, 0, 0... 
0, b, -a, 0... 
0, 0, 6, -a... 



-6 



0, a, a, a... 
6, -a, 0, 0... 
0, 6, -a, 0... 



(r-1). 



(r-1) 



In the first of these two determinants all the elements above 
the leading diagonal vanish, hence its value is (— iy~^a^'-\ The 
second determinant is of the same form as that to which we first 
reduced D^, hence 

Dr^-bDr-i + bi-ay-K 

This is an equation of differences with constant coefficients for 
Dn and its solution, is 

a — 6 
14. In Art. 11 we saw how under certain circumstances the order 
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of a determinant might be reduced. Conversely we are enabled 
to increase the order of a determinant without altering its value, 
namely, by bordering it with a new row and column in one of 
which all the elements vanish except that common to the other. 
Thus 



ttnn = 



1, 0, 0, . 



= (-l)» 



0, 0, ... 0, 1 

ttu, Oia, Ois ... am, X 



where the quantities x, y ... are any whatever. By adding on to 
these a new row and column we can raise the order of the deter- 
minant to n + 2 and so on. 

16. In the determinant 2> = |ann|, if we suppose only the 
element a^ to vary, since on expanding according to the elements 
of the rth row 

D = anAn + ar^Af^ + ... + arAra + ••• 

the only variable term on the right is the product a^^^,.,, we see at 
once that 

dOrg 



= ^«. 



If among the elements of Ars only a/g is variable, we see that 



Thus 



9»i) 



diifg da/gdara ' 
afgan is the sum of all terms in D which contain the 



da/gdart 
product afgart. 

The diflferential coefficient 



dofgdart 
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is the determinant obtained by erasing in D the rth and/th rows 
and the «th and ^rth columns, and is therefore complementary to 

aft, afg 
In like manner it is plain that 



and 



dapy^daqo - 



daffba^ . . . 
are complementary determinants if 

/, g...p, q... 
r, 8 ... u, V ... 
are each of them permutations of 1, 2 ... n, i.e. if the product 

is a term of the determinant D. 

16. If all the elements of a determinant are functions of a 
variable t we see that 

If we denote diflferential coefficients with respect to t by accents 
we have 

D' = 2u4n a'n + 2 J.«a « + . . . 



a 11 , <3^2 < 
0-21, O^ . 






0^21 > Gt 22 > 






+ ... 



So that D' is the sum of n determinants obtained by substituting 
for the elements of each column of D in succession their diflferential 
coefficients with respect to t. 

An interesting example of this is to consider the diflferential 
coefficient of 



i) = 



V, v\ v\ ... t;<«-^) 
w, w\ v/\ ... w<"^^^ 



accents denoting diflferential coefficients with respect to t 
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Each of the first n — 1 determinants obtained by the pre- 
ceding rule vanishes because it has two columns alike, the last 
alone does not vanish, so that 



dp 
dt ' 



u, u' ... w<~^>, w<~> 



As another example take the determinant 



Dn = 



1, 



1 



1 

tn 



/ n— 1 / n— 1 * n—i 



3-D« 



Then ^^r^ is got from D„ by substituting for the elements of the 



rth column 














0, 1, 2tr, 


3«,'.. 


.(n-l)«,»-^. 






Hence 












a»-i)» 


0, 







0, 


1 


dtidt, . . . Stn-i 


1. 




1 


1. 


tn 




2t.. 




2t, 


2<„-i. 


tn' 



(7l-l)«,--^ (n-l)^~-»...(r.-l)C?, ^**- 
= (-l)«-^(n-. 1)1 !)„_,. 

17. We may use the theorems of Art. 11 of the present 
chapter to prove those of Arts. 3 and 4 of Chap. III. 

If each element of a row of a determinant is the sum of p 
terms, the determinant is equal to the sum of p determinants 
having for their elements the separate terms of the sum in 
question. 

For if a„ = p, + ?, + ... + tg, 

then \ann\-^Cir8^rs 

= XpsArt + XqgArt 4- . . . + XtsArs 
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where P is the determinant obtained from the given one by writing 
jPi , i>2 • • • i>« for the elements of the rth row and Q . . . T have similar 
meanings. 

The value of a determinant is not altered by adding to the 
elements of any row those of another row multiplied by a constant 
factor. For if to the elements of the rth row we add those of 
the ^th row, each multiplied by p, the resulting determinant is 
equal to 

2 («« + JXh») ^rs = ^Clrs^rs + ptouArt, 

8 

= |ann|, 

the last sum vanishing by Art. 11. 

18. If each element of a determinant consists of the sum of 
p terms, we could by continued application of the first theorem in 
Art. 17 reduce this determinant to a sum of determinants whose 
elements are all single terms. But a formula of expansion has 
been given by Albeggiani which presents the result in a more 
suitable form for applications. 

Let a^t = Qrsi 4- a^^ + • . . + drsp^ 

so that each element in the determinant is the sum of p terms. 
Then each column of the determinant when written at full length 
would consist of p partial columns whose suffixes are the third 
suffixes of the above elements. With these partial columns we 
can form p determinants, taking all the partial columns with the 
third suffix 1 to form the first, those with the third suffix 2 
to form the second, and so on. We shall denote these deter- 
minants by 

so that 



The first two suffixes tell us the row and column in which the 
element stands, the third the determinant to which it belongs. The 
original determinant is denoted by D^'^K The index in brackets 
tells us the order of the determinant. 



Digiti 



zed by Google 



17-20] ON THE MINORS AND EXPANSION OF A DETERMINANT 43 

19. We shall find it necessary to employ the term comple- 
mentary minors in the following sense. From the elements of 
Di<**\ form a minor Dj^*^ of order a by selecting a rows and columns. 
Then in Dg^"^ select ^ rows and columns, whose sufl5xes are 
different from those selected to form A*•^ these form a determi- 
nant A^^ and so on until we take tt rows and columus from Dp^^\ 
to form a determinant i)p<''^ none of which have the same suffix as 
any of the preceding. Then if 

a-h)8 + 7+... + 7r = n (1), 

shall be called a series of complementary minors. Any one or 
more of the numbers a, )8 . . . tt may be unity or zero. 

20. We shall now prove that 

where the meanings of the summation signs will be explained 
presently. For we have 

i)<'*> = n (ttn^i 4- a^2 + . . . + amen)y 

and if U^g = dru^i + CLr2s^2 + . . . + am^n t 

i)<^) = n(i^« + t^«-h...+t*^) (2), 

the product containing n factors. 

We shall obtain a term of the product on the right if we take 
a factors such as u^^, /8 factors such as i^«, ... tt factors such as u^p^ 
provided the equation (1) is satisfied. 

But from the definition of a determinant this product of 
factors is equal to a determinant of order n the first a of whose 
rows come from A^**^ the next fi from Da^"^ ... the last tt from Dp^^K 
Expand this determinant in the sum of products of complemen- 
tary minors of order a, ^ . . . tt selecting the rows of the minors 
from the first a, the next ^, ...the last tt, its value is then 
(Art. 8) 

with the notation of Art. 19, and the summation sign means that 
we are to take all the possible complementary minors. 
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This is only a single term in the expansion of the product (2) ; 
the whole product is obtained by summing this for all values of 
a, ^ ... TT which satisfy the equation (1). 

Thus 2)(~) = fif2A<*^ A<^» ...i)p<'» (3). 

21. The number of terms in the sum 2 is 

n\ 
. a!/3!...7rr 

Let us compare the expansion (3) with the expansion of the 
multinomial 

The general term is 



CD^^D/...Dp 



(4), 



where a, ^ ... tt satisfy (1) and 

(7 = 



n! 



a!/3!...7r!* 

Comparing (3) and (4) we see that in expanding the determi- 
nant we replace G by 2, and a, ^ . . . tt are no longer exponents, but 
merely indicate the orders of the determinants A^*^ A^', etc. 

Hence we may write symbolically for the expansion of our 
determinant 

where in every term of the multinomial expansion we replace 
the coefl5cient by a summation sigu, the number of terms in the 
sum being given by the multinomial coefficient and the exponents 
a, )8 . . . TT now indicating the orders of the complementary minors. 
Thus finally we have the symbolical equation 

22. Let us make use of this theorem to expand the deter- 
minant 



D = 



0^11 + ^1 , du i d\z • • • ^n 
Oai , Oa-I- 02, ^28 ••• «2» 
Osi , ass , 088 + ^8 ... (hn 



according to products of the quantities z^, z^... Zn> 
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Here we must write 



A^**^ = 



Oil ... Oin 
(Ini • • . dnn 



DJ""^ = 



zu 0...0 
0, Zi... 

0, O...Zn 



Then by the above theorem 

= A***' + 2A <**"'' A^'* + 2A <**-'» A<"» -»-...+ A^'*^ 

Now cleariy all minors of A^**^ vanish except those whose 
leading diagonal is part of the leading diagonal of A^**^- 

Thus 

The corresponding minors A*'*~^^ A^**"^* •.• are got by erasing^in 
A***^ the tth row and column, the ith and A;th rows and columns, &c. 

Thus 

D = A<"^ + ^^i A^**"'^ + 2^i«A A***"^^ + ...+ZiZ^...Zn. 

Or if we simply denote A***^ by A, 

D = A + ^^i ^ + 2^i^* 5 ^ + ... + ZiZ^...Zn. 

OCtii (^CbiiOCikk 

If fr^ = ^2 . . . =s 2r„ we get 

dttfi oaudatk 

These results may also be obtained by using the generalised 
form of Taylor's theorem. 

23. Any determinant can be written in the form 



D = 



0+an, ttia ... Oin 
Oa , O + aa ... Ow 



^ni , CLn2 ...0 + ann 

We may now apply the theorem of Art. 22 by supposing 



A = 



and 



0, Oia ... Oin 
Oai, ...Oan 

ttm, One... 
Zi = Oii. 
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Then 

1;= A + ^^ii^, + ^^*^^ da-da '^'"'^ OiiOffl •-. Ctnny 

the general term being 

where A^""^^ is the minor obtained from A by suppressing the 
ith, ith ... rth rows and columns, m in number. 

It is clear that Dj^^^ is zero, for the suppression of (n — 1) 
corresponding rows and columns of A leaves us with one of the 
zero elements in the leading diagonal. 

Ex. If 



0, ai2 



= (12), &c. 



we have 
ail ••• ^4 



a, 



a^ 



= aiia2^a^<^^ + (hi(h2 (34) + aua^a (24) + 011044 (23) 
+ a^Oss (14) + 022044 (13) + 033044 (12) 
+ On (234) + O22 (134) + O38 (124) + O44 (123) 
+ (1234). 
As another example we may find the value of the determinant 



D = 



Ci, o, o, o ... o 
6, C2, a, a ,.. a 
by 6, C3, o ... o 



6, 6, 6, 6 ... Cn 
The general term in the expansion of this determinant is 

where CijCk*.- Cr are any m elements of the leading diagonal. But 
by Art. 13 

J){n-m) ^ / lyn-^^i J^ (a'^-m-i _ Jn-tw-i); 
^ ^ — 6^ ^ 

whence, if /(^) = (Ci — a?) (Cg — a?) . . . (Cn — os), 

it is clear that 

jy_ af(b)-bf (a) 
o — 6 
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If we write down the similar determinant of order n + 1, for 
which Cn+i = 0, after dividing both sides by ab, we get 



b, Cj 



a, 
a, 



a — b 



6, 6 ... Cn, 1 
1, 1 ... 1, 

If we now put b=^a, we get a determinant expression for 
/'(a). 

24. We have seen how to expand a determinant according to 
the elements of a row or column. It is frequently useful to be 
able to expand a determinant according to the elements of a row 
and column. This is eflTected by means of the following theorem 
due to Cauchy, 

which expands a determinant as an explicit function of the ele- 
ments which occupy the rth row and 5th column. 

Ars is the complement of a^, and Bijt is the complement of 
diie in Art, and is therefore a second minor of the original deter- 
minant. 

For every term which does not contain a^, must contain some 
other element from the rth row and some other element from the 
5th column, and hence contains such a product as artfitig, where i and 
k are ditferent from r and s respectively. The aggregate of all 
terms which multiply a^, is Ars ; now arkau differs from Ur/iik by 
the interchange of the suflSxes k and s, thus the aggregate of terms 
which multiplies arkdis differs in sign only from that which multi- 
plies arsOik, that is to say, differs in sign only from the coefficient 
of Oii in Ars* Hence — Bi^ is the coefficient in question. 

25. This theorem is useful for expanding a determinant 
which has been bordered. For example by this theorem 

-D= 6pg, 6j,i, 6p2. 



= &p« I aim I - tbptbiqAiky 

where A^ is the complement of Oij in | a„^ 1. 
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By the selection of a suitable bordering we are often able to 
evaluate a determinant by means of this theorem. 
For example, let 



i) = 



a?i, Oa, a, ... ttn 
ttii ^a, flj ..- On 

Oi, as, a?, ... an 



Oi, Oa, Oj ... a?n 

all the elements in the tth column being Oi except that in the ith 
row, which is Xi, 
Then by Art. 14 

D= 1, 0, 0, ... 

1, a?i, a,, Oj ... 

1, tti, a?a, ag ... 

1, ai, Oa, «?8 ..• 

Multiply the first column by Oi, and subtract it firom the ith 
column ; do this for each column, the value of the determinant is 
unaltered, and 

D= 1, -Oi, -Oa, -Os, 
1, a?i-ai, 0, 0, 

1, 0, a?2-aa, 0, 
1, 0, 0, a?, -as, 

Here the bordered determinant is 
^1 — Oi, 0, 

0, a?a — ««, 
0, 0, a?j-a8... 



for which all first minors vanish except those of diagonal elements. 
Hence, in the theorem of this article, we must suppose i = A; ; if 

/= (^1 - (h) (^a - as) ... (aJn - On), 



it follows that 



a theorem due to Sardi. 
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CHAPTER V. 

COMPOSITION OF ARRAYS. MULTIPLICATION OF 
DETERMINANTS. 

1. In dealing with rectangular arrays it is often convenient 
to use an abbreviated notation. The array 

dii, dia ••• ^m 
Oa, Oaa ... O^n 



with m rows and n columns is said to be of the type mxriy and 
may be denoted by the symbol {dmii- 

Associated with this is the array 

0-13, a^ ... Cifna 



(hnt Ctjn ... dfnn 

which is called the conjugate of (o^^, and will be denoted by 
(owMi)'- This is of t3rpe nxm, and its conjugate is (on^. 

A square array of type n x n in which all the elements are 
zero except those in the leading diagonal may be denoted by [onn]- 
Another way of writing it is {Bnnd^nti' 

The array (a„i„) is said to be deficient if m < n ; redundant if 
m > n. When m = n we have a square array. The conjugate of 
a redundant array is deficient, and vice versa. 

Two arrays of the same tjrpe may be combined into a sum or 
diflference according to the rules expressed by 

S. D. 4 
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If k is any constant quantity, the product of k and (Omni ^ 
defined by the formula 

k X (a^ = (om^ X A; = (ka^^. 

2. Suppose, now, that (ami), {hnp) are any two rectangular 
arrays of types m x n and nx p respectively. Let 

Cik = Oiibik + aij)^ + . .. + ainbnk] 

then there are m x p quantities Cik, which may be regarded as the 
elements of an array {Cmp). We shall write 

{Cmp) = (Onwi) {Kp)' 

It is to be carefully observed that the order of factors on the right 
is essential. According to the definition (bnp) {drmi has no meaning 
unless m = p; and even then the meaning of the symbol is, in 
general, different from that of {dmri (bnp). 

3. When p = m, the array {cm^ is square ; we propose to find 
an expression for the determinant \cmm\' 

Taking m alternate units ^i, eg, ... e^, we have 

Gi = CiiSi + Ci^2 + . . . + Cimem = CtiiBi + OiA + . . . + dinBn, 

where 5* = 6fa«i + bk^^ + . . . + bicfnem- 

Hence 

|(W»| = nCi = n (oi^B, + ai,B, + ... -h (HnBn)' 

There are now three cases to consider : 

(i) If m>n, the product last written vanishes, because in 
each term of the expansion at least one factor B^ is repeated. 

(ii) If m = n, 

\Cnn\ = l^nnl UBj, = {Onnl - \bnn\' 

(iii) If m<ny the product on the right is the sum of such 
terms as 



flip, dlq, dir 



BpBqBr..., 



Clmpy amq> amr " 

where p, q,r .,. are m numbers taken from 1, 2 ... n (iv. 5). 
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BpBqBr . . . = 



^Pi> ^p2 .«• Oj 



6n» &rj 



pm 



^qtn 



eiBt 



so that, finally, 









bpu 


b^... 


b^ 


ft<p, 


b^... 


b^ 


6«, 


b„... 


bm. 



where for p, q, r ... we are to write all possible m-ads fi-om the 
n numbers 1, 2 ... n. 

4. The second case of Art. 3 gives us a rule for expressing 
the product of two determinants of the nth order as another 
determinant of the same order ; the rule being 

\ctnn\ . \Kn\= |Cnn|, 

where Ca = Onbuc + OiJ)^ + . . . + ainbnk- 

Since the element Ca is derived from the ith row of \ann\ and 
the kth column of \bnn\ the product formed by this rule is said to 
be eflFected according to the rows of the first determinant and 
columns of the second. 

But since in either or both of the determinants la^nl, |&nn| we 
may interchange rows and columns without affecting their value, 
we see that the product of two determinants can be obtained in 
the form of a determinant in four different ways, viz. the element 
dk has one of the four forms : 

(liibut+ aij6afc+ •• 
Oil &*1 + 012^*2 +. ■ 

(hibik + diib^-^ .* 

where we multiply the elements of a row of |a„„| by the correspond- 
ing elements of a row or column of |6nnij or the elements of a 
column of \ann\ by the corresponding elements of a column or row 
of \bnn\' There are really only two essentially distinct cases: 
multiplying by rows, when we multiply corresponding elements of 

4—2 



nkt 



+ Ctinbi 

+ (f'inbkny 

H- Onibnk, 

. + dnibkny 
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two rows together ; and multiplying by rows and columns, when 
we multiply the elements of a row by the corresponding elements 
of a column. 

The four forms of the product correspond to the four composi- 
tions {anriibnri, Kn) (6rm)'> Kn)' (6«n), {(^nri' {hnri'^ The product 

of two determinants of orders n and m (n>m) can be expressed 
as a determinant of order n by applying the process of iv. 14 to 
increase the order of one of them until it is equal to that of the 
other. 

5. Examples, Compounding the two systems 



Oi, 6i, Ci 


Ply P2 


Oa, 6a, Ca 


9i, 9a 




n, r. 



we get the theorem 
















OiPi + 6i9i + Cin, aipa + 6i?2 + Cira 




= 


Oa, 62 


• 


Pi* 9i 

JPa, 9a 


+ 


(h> Ca 


JPi, n 
;>2, ^a 


+ 


61, Ci 

62, Ca 


• 


9i> n 

9a, ^a 



while if we compound the systems 



we get 



Ot, tta 


Pi, 9i^ n 


61, 6a 


JPa, 92, ^2 


Ci, Ca 





OiPi + aa^a, ai9i + a29j, Oiri + ttara 
61P1 + 62P2, 6i9i + 62ya, 6in + Va 
C1P1 + C2P2, Ci9i+Ca9a, Cin + Cara 

Again, the product of the two determinants 



= 0. 



«!, 


61, Ci 




jPi, 9i> n 


Oa, 


6a, Ca 




Pa, 92, ^a 


Os, 


6j, c. 




Ps, qzf n 
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is the determinant 

Ctai?! + 6q?i + Can, Oal^a + ^ajj + Car,, 0,^3 + h^^ + Cjr, 

tts;?! + % 4- c,n, OsPa + &»?> + Cjra, a.^, + ^s^j + Csr, 
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Oi, 61, Ci, di 


. 


Pi* ?i 


« 


Oa, 6a, Ca, dj 




;>a, ?a 




Os, 63, Cj, dj 




^4, ^4, C4, ^4 









while 

Oi, 61, Ci, di 

Oa, Oa, Ca, Cta 
Oj, 63, C,, ds 
^4, 64, C4, d4 

(forming the product by rows and columns) 

(hPi-^\p%y ai?i + 6i9a, Ci, di 

OaPi + ftapa, ^a?! + ^a?2, Ca, dj 
«8Pi + ^sPa, aj9i + h^^, Cs, d, 
^4^1 + ^4Pa, CL^qi + 6493, C4, d4 

Multiplying by rows we have 



Pi, ?i, 0, 

Pa, ft, 0, 

0, 0, 1, 

0, 0, 0, 1 



a, h 
- h\ a' 



c, d 



ac + bd, — ad' + 6c' 
-6'c + aU 6'd' + aV 



Now let a, 6, c, d be the complex number^ 



d = r + is 



c=p + iq 

and a, b\ c', d' their conjugates, a'^x — iy, &c. On multiplying 
out the three determinants we have Euler s theorem concerning 
the product of two numbers each the sum of four squares, viz. 

(ajs-f. y2 + i^a -I- t;a) (pa-h g" + r» -h «*), 
= {px ^qy + ru — $vf-\' (py -\-qx-{-rv + su)* 
+ (pu -h g'v — ra? — syY + (pv — qu — ry-^ sxy. 

6. The square array (a^J {ctmnY has for its elements 
Ca = atiajti + a<aajfc8 + ... + o^inCtkn = Ck, 
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|c„^| = 2 


Oap, a^qy flar ••• 
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or the determinant is the sum of Um squares. If then the elements 
On are all real the determinant \cman\ can only vanish when the 
determinant under the summation sign on the right vanishes for 
all values of p, q, r.... 

Thus compounding 

Oi, 61, Ci 

with its conjugate, we see that 

OiOs-hftifta + CiCa, a^-)-h^ + Cj* ttj, 6, 62, C2 Oa, Ca I 

or 

= (Oi^a - OAY + (6iCa - h^y + (OiCa - OaCi)*. 

Again 

di +W +Ci« , OiO, + 6A + CiCa, 010,4- 616, + CiC8 
OiOa + 6i6a+CiCa, Oj* + 6a* +0,' , OgO, + 6,63 + ^aCg 

ai03 + 6i6s + CiCj, OsO, + 6A + C2Cj, a^ +W +C8* 

7. Sylvester has shewn how, by the artifice of bordering the 
determinants as in IV. 14, the product of two determinants of 
order n can be represented in n-hl distinct forms. We shall 
illustrate this for the case n = 3. 

The product of the two determinants 

Oi, 61, Ci 
O2, b^y Ca 
Oj, 63, Cs 

is the determinant of order 3 : 

(hPi-^-h^qi + CTTu OiP^ + hq^ + c^r^. diPz + hq^ + Cirs 
(^Pi-^h^i-^c^Tu (hP2 + f>^i + C2r^> a^Pi + b^^-hc^rs 
(hPi + b^i-^c^ru o,Pa + 6,}, + crj, a,p, + 6,g, -h c,r. 



Oi, 61, Ci 


s 


Oa, 6a, Ca 


= 


O'Sy 6„ C3 





IJl. 


qx, n 


p,. 


gs, rj 


Pt, 


?., n 
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But if before forming their product we write the determinants in 
the respective forms 



^1, 6i, Cj, 

Oa, 6a, Cj, 

rfsi &s, Cj, 

0, 0, 0, 1 



Ply ?i, 0, n 
p%i ?2, 0, r, 

0, 0, 1, 



their product by rows is the determinant of order 4 : 
(hPi-^h^qi, aiP2 + 6i?2, cbiPz-^hiqzy Ci 

aa^ + ftagij.OaPa + ftag'a, ^aPj + ftaga, Ca 

Osi^i+ftj?!, asP8 + 68g2, ct,2>3 + 6,g^8, Cs 
n , r-a , r, , 

Again writing the original determinants in the forms 



«!, 6i, Ci, 0. 
Oa, 6a, Ca, 0, 

(h> K cs, 0, 

0, 0, 0, 1, 
0,0,0,0, 1 



Pu 0, 0, qi, n 

Pi, 0, 0, Ja, ^2 

Psy 0, 0, g„ rj 

, 1, 0, . 

0, 0, 1, 0, 



their product is now the determinant of order 5 : 

(hPu OiPa, (hP^y K Ci 

(hPi* ttaPai CtaPs, b^, Cj 

OsPi, 08^2 > C^sPsi 6,, Cj 

?i , ^2 , ?8 , , . 

n , ^a , r, , 0, 
while writing the determinants in the forms 



«i, 6„ Ci, 0, 0, 

Oa, 6a» Ca, 0, 0, 

a,, 6„ Ca, 0, 0, 

, , , 1, 0, 

0, 0, 0, 0, 1, 

, , , 0, 0, 1 



1, 0, 0, , , 

0, 1, 0, , , 

0, 0, 1, , , 

Oi 0, 0, Pi, }i, n 

0, 0, 0, Pa, ?a, ^2 

0, 0, 0, p^, g,, r, 
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their product is the determioant of the sixth order 

Oi, 61, Ci, , , I 

Oa, 63, Ca, , , I 

ttj, fts, c,. , , , 

, , , ;>„ gr^, ri 

, , , ^a, 92, ^a 

, , , ;)„ q'3, n 

This rule is interesting as giving us a complete scale whereby 
we may represent the product of two determinants of order n by a 
determinant of any order fix>m n to 2n inchisive; it is also frequently 
useful in applications of the theory. 

8. The fundamental theorem of Art. 3 regarding the deter- 
minant formed by compounding two arrays can be deduced as 
follows from Laplace's theorem, iv. 5. 

We can write the determinant Icmml in the form of the deter- 
minant of order (n -h m), IV. 14, 



Cii . 


. . Cmi , 611 . 


..6m 


Cim. 

. 


.. . 1 . 


■ • bmn 

.. 



... , ... 1 
where Cik has the value ascribed to it in Art. 2. 

Now from the ith column subtract the last n columns multiplied 
respectively by oci, Oig... then from the value of c^ it follows 
that 






... , 


h^^.. 


.6m 





... , 


hm.. 


. bnm 


-Oil 


...-Omi, 


1 .. 


. 



— Oin ... —Clmny ... 1 

In the determinant on the right multiply the first m columns 
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by — 1 and then move the second m rows to the beginning, then 
(after m + m' changes of sign) our determinant is equal to 

o^i 9 !••• 0, ...0 



Oil 



dim 

. 


.. Omm , 
.. , 6u 


... 1 . 

• • • Ona f Om+i,i 


... 





.. .K. 

.am.»H-i. 


• • • Ommf Oot+i,«i 

... , 1 


... 


<hn • 


. Omn . 


... . 


... 1 



Now expand this by Laplace's theorem according to minors 
of the first m columns. Let us find the complement of the minor 

Oif, a^ . . 



For this purpose we move the rows of a*s having the suflBxes 
/, ^r . . . up to the beginning ; then move those columns of 6's which 
have the suffixes/, g ... into the (m + 1)^, (m + 2)°** . . . places. This 
does not alter the value or sign of the determinant, and in every 
place where a 1 stood before, will now again stand 1. Hence the 
required complement is 

6/1, bgi .. 

6/a, bgi.. 



b/i, bfi. 
b/i, bgt. 


..0 
..0 


0. 
0. 


..10 
..0 1 



Hence 



|Cmm| = 2 






hfu bgi - 
6/a, 6^. 



where/, g... is an m-ad from 1, 2...n. This agrees with our 
former result. 

9. The value of any minor of order fi of the determinant 
\cnnl the product of two determinants \ann\ and \Kn\y obtained 
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from {anri {bnfi\ say 



0,= 



Cfy, Cfq .,.Cfs 



...c, 



98 



can be expressed as the sum of products of corresponding minors 
of order fi of the determinants jonnl and [6nnl» 

In fact, since ytt < n. it follows at once from case (iii) of Art. 3 that 






bqiy bgj 



^qr 



n. 



where % j ...r is any yx-ad from 1, 2 , 

One particular case of this we shall find presently of import- 
ance ; namely, when the two systems a and b are identical, and 
when moreover /= JO, 5^ = 9, ... Ar = 5, so that the leading diagonal 
of C^ consists of elements from the leading diagonal of |cnn|. 

Then we see that 



0^ = 2 



a sum of Tifj, squares. 



a/i, ajj ... afr 



10. The diflFerential coefficients of a determinant (7, elements 
Cor, which is the product (eflFected by rows) of two determinants 
A, By elements aa-, 60?, can be represented as the sum of products 
of differential coefficients of these determinants. 



We have 



.(1). 



and 



AB = G 

DiflFerentiate (1) with regard to a^^; remembering that Cn, 0^2 ...c^n 
are functions of this, we get 

; ^ = ^ f . aa , . .3(7 
daip dcii 

Multiply this equation by 



B. ^^6.,+^^6^ + ... + g^6,,. 



dB 
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and add together all the equations which can be obtained from it 
by writing for p the values 1, 2 ... n. Thus we get 

But by IV. 11 all the sums on the right vanish except ^Bipbj^y 
which is equal to B, hence 

^— = S5 — ^r- (jp = l, 2 ...n). 

Similarly we can prove the equations 

d'C I ^ d'A d'B , 1 o X 

^5:r-3:r-5r^A- (;>, ?=i, 2...n), 



dcikdcrs 1 . 2 doipdarq dbtpdbgq 

d'C 1 ^ d'A a»B 



dcadCpqdCrt 1.2.3 doiudap^dorw ^bieudbqt,dbtu, 

(u, Vy w=l, 2...n), 
whence the general law is obvious. 
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CHAPTER VI. 

ON DETERMINANTS OF COMPOUND SYSTEMS. 

1. If the elements of a determinant are not simple quantities 
but themselves determinants, the determinant is called a compound 
determinant. 

Compound determinants are usually formed from the minors 
of one or more determinants. 

2. The number of all possible minors of order m of a given 
determinant of order n is {w^}' (iv. 1). We can form a square 
array with these minors, writing in the same row all those which 
proceed from the same selection of rows of the given determinant, 
and similarly for the columns. 

If n,n = H* ^^^ ^^ S^^^ ^^ ^^^ combinations of rows and columns 
taken to form minors the suffixes 1, 2 ... fi, we may denote that 
minor whose elements belong to the ith combination of rows and 
jth combination of columns, by pij, and the whole system of minors 
will be 



.(1). 



Pn '-'Pin 
Pfjn . . . p^fi 

Corresponding to each element in this array, which is a minor 
of the original determinant, we have a complementary miuQr of 
order n — m. We shall denote the complement of pij by qij, then 
these form a new array. 



9^1 .. . qiifi 



,(2). 
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The arrays (1) and (2) are called reciprocal arrays of the mth 
order. Minors of these arrays formed from the same selection 
of rows and columns in each are called conjugate minors. The 
simplest instance of two such arrays is the original system and 
its system of first minors, viz. 

ttii ... Oin -4.11 . . . Ain 

Uni ... Ctfin -^ni ••• -^nm* 

3. If we multiply the elements of the ith row of the array 
(1) by the corresponding elements of the fcth row of (2) the sum 
of the products is equal to A or zero according as i is or is not 
equal to fc, viz. 

Pnqti + Pii^k» + . . . + piM.qk^ = Sijfe^. 

For if i is equal to k this is nothing else than the expansion 
of the given determinant A according to products of minors of 
order m and n — m by Laplace's theorem. If i is not equal to k 
the sum represents the expansion of the determinant when the tth 
selection of rows is replaced by the kth ; the rows of this deter- 
minant are not all different, hence it vanishes. The particular 
case 

OiiAki + OiiAjgi + . . . 4- Oin^kn = SikA 

is considered in IV. 11. 

4. We now proceed to investigate properties of determinants 
of the elements of reciprocal systems, and first we shall examine 
the system of the first order. 

Let A^\a^l D^\A^^\, 

Forming the product of these two by rows, 

AD^\CU 
where 0^, = anAja. + a^ilfci + . . . + OinA^n, 

and h^ce Gik^A or according as i is or is not equal to k. 



/ 
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AD^ 



A. 


0, 0... 


0, 


A, 0... 


0, 


0, A... 



=^- 



6. Any minor of order p in the system Aa^ is equal to the 
complementary minor of its conjugate in A multiplied by -4^^^ 

Let 



2± afiOgk...- 



(^fiy 



^•ff^f 






and ^ ± AfiAgk*..he two conjugate minors in the two systems 
each of order p, and let S±arua«...be the complement of 
2 ± O/tOpjfc .... Then, if e = 1 or — 1 according to circumstances, 



€-4 = 







= S ± ajiagk... aruCt„, 



(1). 



We may write S + aru^w ... = co 2 + ajittg]^ ... . 

Now we may write 2 ± AfiAgu ... as the determinant of order n, 

Afit AfJc ... Afuy Afr, .. 

-^giy ^gk "' ^gu, -4^., 




which consists of four parts. The first square consists of the 
elements of 2 ± AfiAgj^... ; to the right of this is a rectangle of 
n — p columns and p rows containing the remaining elements of 
the/th, ^th ... rows of |-4nn|. The rectangle on the left below 
of p columns and w — p rows consists solely of zeros, sad the 
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square on the right of n — p rows and columns contains units 
in the leading diagonal and zeros elsewhere. Multiply this by 
the determinant A written in the form (1) above. Then (iv. 11) 
we have 



6-42 + AfiAgk... = 



A, ... O^, Qfo 



0, 


A. 


..agu, 


ag,... 


0, 


0. 


.. ar„, 


Orv-- 


0. 


0. 


•• am, 


a„ ... 



= APX±aruan... 

if we resolve the determinant on the right into products of minors 
of the first p and last n—p columns. Accordingly 

X±AfiAgu ... = il^^co2 ±afiagf,.,\ 

where it is unnecessary to retain the factor e, provided that we 
make a suitable convention as to the signs of the determinants on 
each side (cf. iv. 10). 

From this it follows that the ratio of two minors of the same 
order of the system -4 it is the same as the ratio of the comple- 
mentary minors of their conjugates, 

t±AfiAgk., . ^ co2^^t|^a^A^. 
X±AjciApq,., CO X ±aiciapq,,,' 

6. As examples of the theorem in Art. 5, we have 



Au...A 



ip 



Api . . . App 



=^Ap-^ 








-^1>+1.1H-1 ••• -^PH-i,n 


- ^n-p-i 


«« . 


,.<hp 




An,p+\ ..• Ann 


ap,. 


..app 


The relation 








Aik, Ai8 — 


A CO 


(life, ^is ! 








^Tl<y ^n ! 




ttrA, 


a„l 
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may also be written 

dA dA _dA dA^^^ d'A 



daik dors 9^i« dark daikdart ' 



in particular 






dA dA dA ^^ _A 9'^ 


If J. = 0, we see that 




^ik, ^is 


= 0, 




^rk> Art 




or 


Aa A 
Ark' A 





That is to say, if the determinant vanishes, the minors of the 
elements of any row are proportional to the corresponding minors 
of the elements of any other row. 

7. As an example of the use of the method of Arts. 20 and 
21 of Chap. IV., let us discuss the value of the determinant 

P=|Xaifc + /i6,i.|, 

anc and hy^ being elements of two determinants of the nth order 

A^-^^\aik\. 5<«) = |6^|. 
Symbolically we can write 



= ^»B»» 



(^5)" 



Now let -4i<**^ JBi<^) be two determinants of order w, whose 
elements are 

then by Art. 4 



^i<«) = 



(^<~>)~ ^w» 



and similarly £i<") == ^^ . 
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Or, symbolically, 

Thus P = A^B^(\B,^,iA,y. ' 

But (\J?i + /[^-4i)** is the symbolical expression for a determi- 
nant of order ii with binomial elements of the form 

Hence, passing from symbolic to real expressions, we have the 
determinant equation : 

I'^ik + A-jfc I = I at* I . I &it I-. I'^^ik + MOi* |. 

Numerous other transformations of the determinant on the 
left can be eflfected. 

8. Next let us consider reciprocal arrays of order m. With 
the notation of Art. 2, let 

where, as before, fi = nm* 

The product AA' is a determinant of order fi whose general 
element is 

Piiiki + Pi2?ifca + • • • + PiM?*fi> 
which is equal to ^ or according as i is or is not equal to k. 
(Art. 3.) Hence in the product determinant all the elements 
vanish except those in the principal diagonal. 

Thus AA'=:^^ 

It follows therefore that A is a divisor of Af^, Now J. is a 
linear function of any one of its elements, hence A can only differ 
from a power of J. by a coeflBcient independent of the elements 
of A, Among the combinations m at a time of the numbers 
1, 2 ... w there are 

\ = (n-l)w_i, 

which contain 1. Hence there are \ elements of A, which contain 
an, and consequently 

A = xA\ 

where x does not depend on the elements of A, 

s. D. 5 
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To determine the value of x, let «<* = except when % = k, and 
let ttii = 1. The same will be the case with the elements p^ ; 
.*. J.=l, A = l, and .*. a? = l. 

Thus A = il<'»-^»«-S 

and A' = ^<^«« 

for ^m - (« - l)m-i = (w - l)m- 

9. A minor of order r of the system g^ is equal to the com- 
plement of its conjugate multiplied by A^\ 

For if we multiply the determinant S + q/iqgk'-- by the deter- 
minant A in the same manner as we did in Art. 5 for systems of 
the first order, we get : 

AS ± q/iqgH ... = ^'' CO 2 ±PfiPgk ... ; 
and therefore, since A = J.^, 

2 ± qMgk ••• = ^'"^ CO 2 ±PfiPgk ... =-4'^<'*-'^-iC0 2 ±PfiPgk"" 

In like manner 

^ tPfiPgk '" = ^'"^'^'^''00^ ±qfiqffk"" 

10. Let Ah be a minor of A, with h rows and columns. From 
this let us form the determinant whose elements are all the minors 
of order m of A^. These last are minors of order m of A, and are 
consequently elements of A. Moreover, those among them which 
arise fi:om the same rows or columns of Ay and are hence in the 
same row or column of A, also arise from elements belonging to the 
same row or column of A^, which is a minor of A ; altogether 
they form a minor M of A, which has A^ rows and columns. Now 

by Art. 8 we have 

M=Ah^-^)-^-^, 

which gives a representation of minors of A by means of powers of 
minors of -4. 

11. If in the determinant A we select a minor Ah of order A, 
and form all the minors of order m in A(m> h), which contain 
neither all the h rows nor all the h columns of Ah, we shall form 
a minor of A with n.^ — (n — h)m^h rows and columns, which is 
equal to 

. {n-h-lU-k J {(» -l)m-i -(»-A)«-^} 

where An^h is the complement of Ah in A, 
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To prove this, we begin by applying the result of Art. 10, with 
the substitution of J.„_a for -4 a, (^ - 'fn) for m, and A' for A. 
Instead of M we now have a determinant M' which is a minor of 
A' containing 

(n - h)n-m = (n - h)m-h 
rows and columns. The value of this is (since n—h>n — m) 

Now let us consider ai, that minor of A whose elements are 
the complementary minors in A of the elements of M\ Since M' 
has for its elements all the minors of An^h which are of order 
(n — m) it follows that the elements of aj are all the minors of A 
of order m which have -4^ as a minor. The order of aj is 
(n^h)m-h, and hence by Art. 9, if a is the complement of 
tti in A, 

a = if' . -4 («-i)m-i-(n-A)«,-» 

An—h-l)m-k j(n-l)m-i-(n-A)iii-* 

The theorem is therefore proved, if we can shew that a is 
formed as prescribed. For this purpose we must remember that 
ai has for elements all minors (of order m) of A which have Ah for 
one of their minors ; to get a we have then to suppress among the 
combinations 7n at a time of the rows and columns of A all those 
which contain all the rows or columns of A^ ; thus a has for its 
elements all the minors of A with m rows and columns, such that 
they do not contain all the h rows or columns of A^, 

12. If Ah is a minor of order h of A, and if we border it in 
all possible ways with m of the remaining rows and columns of A, 
we get the elements of a new determinant M^ of order (n — A)^, 
whose value is 

^ ^ (n-hr-i) „ ^ ^ in-h-i) « - 1 ^ 

Let us put, for the moment, n = h + k, and write A and its 
reciprocal in the abbreviated forms 



A = 









R = 



{C,h) 






where I a^y^ | = Ah, 



5—2 
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Consider the determinant of order k^ whose elements are all 
the minors of order (fc— m) of | Dj^\, It follows from Art. 8 that 
its value is 

since, by Art. 5, 1 2)^^ | = -4*"Ma, and {k - l)fc_^-i = (fc - 1)^. 

But any element ^ij of the determinant, as being a minor of R 
of order (fc— 7n), can be expressed by Art. 5 in the form 

where Oij is an element of i/^. Consequently (putting k^ = \) 

Equating this to the value of | ySxx | previously obtained, and 
observing that 

{k-l){k-l)^-{k-m-l)K^{h-\)^.„ 
we find that 

which is equivalent to the theorem stated at the beginning of this 
article. 

13. Another way of stating the proposition is the following : 
If An is a minor of order h of J., and we form all the minors of 
A with m rows and columns which have it as a minor, we get 
the elements of a new determinant of order (n — h)m-h, whose 
value is 

In the particular case of m =.A + 1, the theorem is 

and the elements of M^ are determinants obtained from -4^ by 
adding one extra row and one extra column: or, which is the 
same thing, they are those minors of A which have -4^ for a first 
minor. 

The results of this article are due to Sylvester. 

14. Another modification of the theorem of Art. 12 can be 
obtained as follows: Let us 'return to the determinants A, A' of 
Art. 8, and form a determinant M' with the minors of An^}^ 
of order n — m; this is a minor of A' of order (w — /i)„^_A. 
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The conjugate miDor in A has for elements those minors of A 
of order m which are complementary to the elements of M\ and 
hence all those which have ^^ as a minor. This is precisely the 
determinant of Art. 13. Whence the theorem can be stated as 
follows : If An^h is a minor of A of order n — h, and if we form a 
determinant M' with all the minors of order n — m of An-h> a^id 
then replace each element by its complement in -4, we get a new 
determinant, whose value is 

15. If now we form all minors of A of order n — m(m>h) 
such that neither all their rows nor all their columns belong to 
^n-hi which in A therefore overlap An^h or belong altogether to 
Aji, these form a determinant N of order nm — (n — h)m^k which 
is equal to 

First notice that this is essentially different from the theorem of 
Art. 11, applied to -4;^. There the determinant is formed with all 
the minors of the same order of A with more elements than -4^, 
and which do not admit all the rows and columns of Af^. Here 
the determinant is formed with minors of the same order of A 
with fewer elements than -4n-A, and which do not admit all the 
rows and columns An-h- 

To prove the theorem it is sufficient to consider in A' the minor 
N complementary to M in A'. For N is exactly formed with 
regard to An-h as the enunciation prescribes ; it has n^ ~ (n — h)m-h 
rows, and by applying to it the theorem of Art. 9, 

M 

N 
.'. N== MA («-i)«-(n-'^)«-* • 

or, replacing M by its value, from Art. 14, 

16. The theorem of Art. 15 may be stated in a different way, 
which perhaps brings out more clearly its contrast with the 
proposition of Art. 11. 

Suppose as before that -4^^ is a selected minor of A, of order h. 
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Let m<h, and construct all the minors of A which are of order m 
and contain at least one row and at least one column not composed 
of elements of Aj^. With these minors as elements we can form 
a determinant of order w^ — A^, the value of which is 

- (A-lV-i J (n - l)m-i -(A- iV-i 

This is at once obtained from the result of Art. 15 by substi- 
tuting w - m for m and n — A for h, and observing that 

(h - l)h^rn = (A - l)fn-if (n - l)n-m = (n - l)„i-i. 

17. Netto has given a theorem which may be regarded as an 
extension of Laplace's formula (iv. 5) for the expansion of a deter- 
minant as the sum of products of minors. 

Let a determinant of order (n + m) and its reciprocal be 
represented by 



A^ 



iJ = 






and let | a^„| be denoted by An> 

Let k integers mi, wia, ... m^. be chosen so that 

tHi + Wa + . . . + mjg = n. 

If we choose minors of An of orders Wi, tti^, ... ?Wj. formed out 
of elements in the first nii rows, the next m^ rows, etc. and denote 
them by S^,, S^, ... S^, Laplace's theorem gives 

An = 2 ± Bm^Sm^...Bmt' 

Now Srm is obtained from An by the suppression of (n — m^) 
rows and (n — m^) columns ; let A,^ be the minor of A obtained by 
the suppression of the same rows and columns. Then the theorem 
in question is that 

where i)^ = | d^^ \ , the complement of -4 „ in -4. 

To prove this, let us, in the first place, apply Laplace's theorem 
to expand the reciprocal of -4„. Thus 
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where S'„^ is the conjugate of S^ in the reciprocal of J.„ 
Sn^^mi is the complement of S^, in -4» 

consequently 



71 
But if 



whence 



-4n'^' = -4n^<"'*-^'2 + Si 



2 ± S^wm,S„-.^...S, 



Sn-fih • • • ^1 



Next we observe that by Art. 5 

the complement in R of the conjugate of A,»,. Now this is 
a minor of \Ann\ and by applying the preceding lemma to |-4nnl 
instead of to A^ we obtain 

S+A' A' A' ssM |*-i--^(n-i)(t-i) 7) *-l 

Substituting for A »-«< its value given above, and making use 
of the relation 

2(n-.m<-l) = ifc(w-l)-n = (n-l)(i.-l)-l, 

we have finally 

as stated. This proof of Netto's theorem is due to Pascal. 

18. The theorem of Art. 13, in its simplest case, may be used 
to prove an important identity discovered by Kronecker. 

Suppose we have a determinant of order 2A + 1 

(^aa) {h,h+i) 

the elements of which are all independent. 

Le* \^hh\—A, and let -4^^ be the determinant of order (h + 1) 
obtained by bordering A with elements taken from the row and 
column to which cJa^i belongs. That is to say, 

.4a|a= Oil Oij ... OiA bifj, 



=i>. 



Cki Ck2 ... Caa d^ii 
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Then 

All'-' Oil A, ^li^di^Ay , , . Aij^+j — dij^^iA 



= 



identically. 

The proof is almost immediate. By Sylvester's theorem 

now suppose all the elements d^ to become zero, then D vanishes, 
as we see by expanding according to minors of the last A + 1 rows. 
But since -4^ — d^J. is independent of the coefficients d^ this 
expression is in fact the value of -4^ when all the coefficients 
dijc vanish. Hence 

|^^-d^il| = 0, (i, A = l, 2, ...A + 1) 
and this is an identity on account of the independence of the 
(3A' + 2h) quantities which it involves. The method of proof here 
followed is due to Frobenius. 

19. There are various interesting theorems about deter- 
minants derived from two other independent determinants. One 
of these, due to Kronecker, is the following. 

Let A = \a^\, £=|6^^|, and let us form all the mV 
products 

then with these products as elements we can construct a deter- 
minant 

of order mw, in such a way that all the elements Oijbfjg with 
constant i, h are in the same row, and all those with constant j, k 
are in the same column. This being so, the value of C is 

G^A'^B^. 

Without loss of generality we may suppose G to have 
the form 

(hi i}>7nn) ttia i}>mn) •- ^in ^mf^ 
On {}>m'ni ^aa (bm,n!i ••• «an (^wwi) 



C^ni \^«i«i) G^a [ymrri' • • • ^n y^mmi 
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If, now, we form minors of order m out of the fii*st m rows of 
(7, all those which do not vanish will contain £ as a factor. Thus, 
for instance, the minor formed from Ou (6^^ is a^^B ; if we re- 
place the first column by the first column of a^{f>^^, we get 
Oix^^OmB, and so on. The same argument applies to minors 
taken from the next m rows, etc. 

By the generalised form of Laplace's theorem (iv. 8) we may 
expand (7 as a sum of products of n-ads of minors of order m 
chosen from the first, second, ... sets of m rows. Since each of the 
minors vanishes or is divisible by B it follows that C is divisible 
by B^, In exactly the same way C is divisible by -4"*, and the 
theorem now follows by a comparison of dimensions, and the 
consideration of the case when a« = ha = 1 and all the other 
elements are zero. 

20. We shall now suppose that we have two independent 
determinants, each of order n, 

and that for each of them we have formed the systems of 
M*(=Ww*) elements discussed in Art. 2; the systems for A 
being denoted by (p,ij, (q,jj^ and those for B by (pVm)» feVfi)- 

We can form two new systems each of ^^ elements as follows. 
If i is a fixed integer the quantities p'o- are minors chosen from a 
particular set of m rows in B, In the determinant A replace, in 
turn, each selection of rows m at a time by this fixed selection of 
rows in B. This will give us ^ determinants, each of order n, 
which we shall denote by tuy U^* -.^iM- 

Again let A? be a fixed integer, and in B let those rows from 
which the quantities ^'j^- are derived be replaced in turn by each 
combination of m rows of A ; the determinants thus obtained will 
be called w^i, w^, ... wt,^. We have, then, two new systems 

Then by Laplace's theorem 

^ = Phiqhi + Ph^q^ + . . . ^ = p\i9thi + p'h%qM + • . . 
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whence by Art. 3 



[chap. VI. 



and therefore 

UiUki + UiUti +...=A {pnq'ki +/i23 'fc + ...) = ^ikAB. 
That is to say, by compounding the ith row of {t^ with the 
kth row of {Uft^y we get -4-B or according as i is or is not equal 
to k. 

21. Write now 

then, by the result of Art. 20, 

T = 1/^ I . I g^ I = ^ <«-')« . 5(~-^)— 1 



(Art, 8). 










Again let 


T,^\t,j.\ 










t^^ ««.. 


• tih <», h+i • 


..<.M 




hi titi. 


■ 'thh h,h+i ' 


..<»M 






. 


. 1 . 


.. 



... ... 1 
then, forming the product Tf^Uhy rows, and applying the results 
of Art. 20, 



T^U=(ABf 



^A+1, A+i * ^A+i, h+i • • • ^A+l, M 

WA+2, h+l > WA+2, A+8 . . . ^A+2, |A 



= (45)*tr^„ 

where Uft^^ is the complement of U^ in IT. 
Substituting its value for CT, we have 

where Xi = (n - l)^__i-A, X2 = (n-lV-A. 

Thus the ratio of complementary minors of T and CT is a power 
of A multiplied by a power of B. 
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CHAPTER VII. 

ARITHMETICAL PROPERTIES OF DETERMINANTS. 
ELEMENTARY FACTORS. 

1. A DETERMINANT is a rational integral function of its 
elements, and as such will have certain arithmetical properties 
dependent upon the field of rationality to which the elements 
belong. 

If the elements are independent and arbitrary symbols, the 
determinant is irreducible, and so are all its minors. This is 
easily proved by induction; for the expansion 

-4 = I ann I = Oiiilu + Oiailij + ... + din^m 

shews that if A is reducible one of its factors must be a common 
divisor of A^i, A^i, ... A^- But these are determinants of order 
(n— 1), each with arbitrary elements, and distinct from each other; 
so that if the theorem is true for the order (n — 1), it is true for 
the order n. Since it is obviously true for n =» 1, it is true in 
general. 

But the case is different^ when the elements belong to a field 
of a more special kind. For instance, if the elements are ordinary 
integers, the values of A and its minors are also integers, none of 
which need be prime. So also, if the elements are polynomials 
in X with integral coefficients, A and its minors are functions of 
the same type, and the nature and distribution of their irreducible 
^(or prime) factors require special examination. 

2. It will be supposed that in the determinant \ann\> or J., 
the elements are all integral and rational in a certain definite 
field ; then the same will be true of A and all its minors. It will 
be further assumed that every integral quantity in the field can 

J • 
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be uniquely resolved into a product of prime integral factors. It 
follows from this that a given set of integral quantities possess a 
definite highest common factor, which can be found, as in ordinary 
arithmetic, when the resolution of the given quantities into prime 
factors has been effected. 

For the present it will be supposed that the value of A is 
not zero: it follows that its minors of order m{<n) cannot all 
simultaneously vanish. 

3. Consider, now, all the minors of A which are of order a. 
They will have a certain highest common factor; this will be 
denoted by D^, Altogether, we have n integral quantities 

A, A, ...i>n, 

which we shall call the determinant factors of A: In particular, 
A is the highest common factor of the elements of -4, while Dn is 
A itself. The determinant factors are all different from zero. 

We shall now prove that Z)^ is divisible by Z)^_i. 

This follows from the fact that, when any minor of order a is 
expanded according to elements of one of its rows, each element 
is multiplied by a minor of order (a — 1), and this is divisible by 
- A-i. We shall write 

A/A-i = ^a. 

. With the convention that A = 1> ^^ thus obtain a new set of 
integral quantities 

Ely E^y ... Eny 

which will be called the elementary factors oi A. It will be 
noticed that Ei=iDi, and that 

A = E1E2 ... En* 

4. It is clear that no prime can divide D^ which is not also 
contained in A. Let p^' be the highest power of the prime factor 
p which is contained in D^. Then since A is divisible by A-i it 
follows that 

tn ^ ln-\ ^ . . . ^ h> 

so that if we write 

6ff = Iff tff^ly 

with the convention that Iq = 0, we have the integers 

ei, ©3, ^8, ... en, 
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none of which is negative, while 

ei + e^-i- .,. + 6^ — 1^. 
In this notation 

the product extending to all the different prime factors of A. 

The values of 2)^ and E^ are not affected by interchange of 
rows or of columns in A ; for this does not alter the values of the 
minors of order a (except possibly in sign, which is immaterial) 
but merely produces a permutation amongst them. 

5. If p is any prime factor of A there will be at least one 
minor of order <r which is divisible by p^^ but by no higher power 
o{p. Such a minor is said to be regular with respect to p. 

We shall now prove by induction the following three im- 
portant propositions: — 

(i) Every minor of order a which is regular with respect 
to p has at least one first minor which is also regular. 

(ii) Every regular minor of order (o* ~ 1) is a first minor of 
at least one regular minor of order a-. 

(iii) The indices Bi associated with the prime factor p 
satisfy the relation 

e^ > Ba-^. 

First of all we choose a non- vanishing minor of A which is of 
order /? (> 2) ; let this be 

M=\aKi\ (A = Ai, Aa, ... Ap; i = ii, 4> ... tp). 

Let p^ be the highest power of p which is contained in all 
the minors of M which are of order a. Choose a minor of M, of 
order {p — 2), which is divisible by j^f^^ but by no higher power ; 
and let this minor be called T, Then (vi. 5, 6) we have an 
identity 

where P, Q, R, 8 are minors of M of order (/)— 1). Now MT is 
divisible by j^^p+^p-^ and by no higher power of p, while PS—QR 
is certainly divisible by p^^f^^ and possibly by a higher power; 
hence 

A»p -f- A>p^3 ^ ^A>p_i, 
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and therefore 

Ap Ap_i ^ Ap__i — Ap__3. 

Assuming that proposition (iii) has been proved for all values 
of o* up to (p — 1), it follows that 

Ap — Ap_i ^ Ap_i — Ap__3 ^ ... ^ Ag — Ax ^ Ax . 

Next we take any minor of A of order (p — 1) : let this be 

^=l«itl (i=ii» is* ••• jp-i; *=*i, *2, ... *p-i). 

From tjiis we can construct, as in VI. 18, a determinant L^i by 
bordering L with elements of M taken from the row and column 
in which ahi occurs. Then by Krouecker's theorem (Z.c.) 

|Zfaw-iw| = (h^hi, A,, ... Ap; i — ii, ij, ... tp), 

identically. Expanding in powers of i, we have 

L'M=L'-'M, + L'-'M,+ ...+M, (1), 

where M^is a homogeneous function in the quantities iw> with 
coeflBcients which are minors of M of order (p ~ a). 

Suppose, now, that p^ is the highest power of p contained in L, 
and p^' the highest power contained in the highest common factor 
of all the determinant^ L^. Then U'^M^ contains p to at least 
the power t^, where 

Ta = (/)-o-)Z + Z'o-4-Xp-a ((7=1, 2, ... p), 
while UM contains p exactly to the power 

To = pZ -h Xp. 
Hence t^+x — t^ = (V — " (^p-<r ~ Xp_<r_x) 

>(^'-0-(^p-Vi), 
by what has been proved and assumed with regard to if. It 
follows from this that 

i'-U^p-Vi (2), 

because otherwise we should have 

Tp>Tp_x>...>Tx>To, 

and then every term on the right of (1) would contain p to a 
higher power than the term on the left, which is impossible. 

The relation (2) may also be written 

Xp + ^>X^i + i' (3); 
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now if p^ is the highest power of p contained in all those minors 
of A of which i is a minor, and which are of order p, 

and consequently \p-f Z>\p_i + m (4). 

We will now suppose that i, M are regular with respect to p. 
Then 

and the relation (3) becomes 

&p + Vft—\ ^ Ap_i + L . 

Now ^^ip, \p-i>lp^ly 

because minors of i, M are also minors of -4 ; so that the three 
conditions, taken together, lead to 

r = Zp, Xp-, = «^i (/> = 1, 2, ...p). 

We hslve proved, then, that if l = lp^i then V = lp; this is 
equivalent to proposition (ii). It has also been proved that if 
\p — lpy then Xp_i = Zp_i; this is equivalent to proposition (i). 

Finally, the relation 
previously established for M, becomes 

Cp — 6p_i ^ ftp_i — tp_2, 

or, with a change of notation, 

€p ^ Cp_i, 

which is proposition (iii) for <r = p. 

Since each element of A is divisible by p^\ every minor of 
order 2 is divisible by p^\ so that 

^2 — &i > 6i, 

which proves (iii) when o-= 2. All that has been assumed for the 
purpose of the induction is the truth of proposition (iii), as applied 
to ilf, for <r = 2, 3, ... (p — 1); thus the demonstration is complete. 

From the supplementary relation (4) we infer another pro- 
position, namely: — 

(iv) If 8p and Sp_i are any two minors of A of orders p and 
(p — 1) respectively, then SpSp^^ is divisible by the product of the 
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greatest common measure of all minors of Sp which are of order 
(p — 1) by the greatest common measure of all those minors of A 
of which iSp_i is a first minor. 

6. It h^ been supposed hitherto that the value of A is not 
zero. We shall now remove this restriction. 

Unless every element of A is zero there will be at least one 
complete system of minors of the same order which do not all 
vanish ; while if each minor of order m vanishes, every minor of 
higher order will also vanish. Thus there will be a definite 
integer r such that not all the minors of order r vanish, but all 
the minors of higher order do vanish. This number r is called 
the rank of the determinant A. If all the elements of A are 
zeros, it is convenient to say that A is of rank 0. 

When A is of rank r(<n), the modification which has to be 
made in the foregoing theory is to put 

Er+i = Er+2 = . . . = J&» = 0. 

Every prime factor of Dr will be associated with r finite 
indices e^, Cg, ... Br such that 

and if we put ^i -f eg + . . . 4- e^ = Z^ , 

this is the index of the highest power of the prime contained 
in Dr, 

All the propositions of Art. 5 remain true, and the proof of 
them is still valid; in the enunciations, however, it must be 
understood that p or c, as the case may be, does not exceed r. 

7. The term elementary factor (or elementary divisor) has not 
always been used by difierent writers in the same sense. Some- 
times it means one of the quantities Ea, sometimes one of the 
powers p^'. Frobenius refers to E^ as the ath elementary factor 
of A, while by an elementary factor he means one of the powers 
f)^'. It may be convenient occasionally to refer to p*' as an 
elementary power-factor, or simply a power-factor of A : but as 
a rule we shall follow Frobenius's terminology. Of course the 
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system of the quantities -£V determines the quantities p'*" and 
conversely. 

8. Suppose that -4 = | ann | and B=^\bnn\ are any two deter- 
minants of the same order, with elements all belonging to the 
same field. Let their product be expressed, in one of the usual 
ways, as a determinant (7=|cnn| of the same order n. We shall 
now prove that the o-th elementary factor of C is divisible by the 
o-th elementary factor of each of the components A, B. 

To fix the ideas, assume that the product AB has been formed 
by compounding rows of A with columns of B, 

Let Bp, Cft be two corresponding determinant factors of B, G 
and let /8p, y^ be the exponents of the highest powers of the prime 
p contained in them. Since every minor of C can be expressed 
as a linear function of minors of B it is clear that y^ ^ I3p and 
consequently (7p is divisible by B^, What has to be proved is that 

Take L a regular minor of B of order (p — 1), and M a regular 
minor of C of order p. Let us write 

^ = l^iti (i=ii»i2, ..-ip-i; A:=a?i,j?j, ... A?p_i), 

M==\chi\ (h=^hi, A,, ... Apj i = ii, 4, ••. *p). 

We proceed to apply to these minors exactly the same 
argument as that applied in Art. 5 to the determinants there 
denoted by L, M. Instead of the determinant there denoted by 
A we shall now use a determinant of order (2p — 1) which may 
be briefly written in the form 

(L) {P) 
(Q) {M) 

where (P) is a matrix taken from £, with suffixes 

(juiiX (ii, /a), ... (ii, ip) 

(jp^u ii)» (jp-i, h\ ... (jp-i, ip), 
and (Q) is a matrix taken from C, with suffixes 
(Ai , Ati), (Ai ; fca), . . . (Ai , A?p_i) 

(Ap, Ai), (Ap, A?a), ... (Ap, A;p_i). 

S. D. 
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Instead of the determinaDt L^i of Art. 5 we obtain one which 
consists of the new L bordered in such a way that the last row is 

while the last column, read from the top, is 

If, now, p^' is the highest power of p contained in all these 
last determinants, the formula (3) of Art. 5, applied to the present 
case, gives 

But each of the determinants corresponding to Lm can be 
expressed as a linear homogeneous function of minors of B of the 
order p ; hence Z' ^ ySp and consequently 

7p + /8p_i^7p_i + /8p, 

or 7p-7p_i>/3p-/3p_i. 

This proves that every elementary factor of C is divisible by 
the corresponding elementary factor of B, By similar reasoning 
it may be shewn that each factor of A is contained in the corre- 
sponding factor of (7. 

The theorem may be obviously extended to the case when C is 
compounded of three or more determinants of the same order and 
belonging to the same field. 

9. A very important special case is when the value of one of 
the determinants A, B is unity. Suppose that A = l; then the 
elementary factors of C are identical with those of B, 

To see this, let E^ and E^^ be any two corresponding ' ele- 
mentary factors of B, C respectively. Then, by the theorem of 
Art. 5, Eff is divisible by E^. But since (A) is a unit matrix, we 
can find another matrix (A), with integral elements, such that 

(A){A) = [ll 

and hence (A) (C) = (A) {A) {B) = (5), 

identically. Therefore E^ is divisible by E^\ and finally E^ = E^. 

Two determinants of which one can be identically transformed 
into the other by compounding it with a unit determinant are 
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often said to be equivalent Thus equivalent determinants have 
the same elementary factors, and therefore also the same deter- 
minant factors. 

10. It will now be supposed that the elements of the deter- 
minant A are ordinary whole numbers. We shall prove that it is 
possible to find two unitary matrices (P), (Q), such that 

{P){A){Q)^{E)^[E„l 
where {E) or [&'„] denotes a matrix of which the principal diagonal 
consists of the elements J?i, E^, ,., En (the elementary divisors of 
A) while all its other elements are zeros. 

Consider the effect of transforming any determinant by one of 
the four following elementary operations : — 

(1) Interchanging two rows ; 

(2) Interchanging two columns ; 

(3) Adding to any row k times another row, where k is any 
integer, positive or negative ; 

(4) Adding to any column k times another column. 

Any one of these transformations leaves unaltered the values 
of the elementary factors E„, because the complete system of 
minors of any order for the new determinant coincides, except as 
to arrangement, with the same system for the original determinant. 
Moreover, by the rule for the composition of matrices (v. 2) it is 
easily proved that if i)' is the determinant derived from D by 
either of the operations (1), (3) there is an identity 

(Z>') = (P)(Z)) 

with |P I = + 1 or — 1. Similarly, if D" is derived from D by one 
of the operations (2), (4), there is an identity 

{D') = {D){Q) 
with I Q I = -h 1 or - 1. 

In the given determinant | Unn I unless every element is zero, 
there will be at least one element of which the numerical value is 
equalled or surpassed by every other element which does not 
vanish. By the application of one or both of the operations (1), 
(2) this element can be brought to the head of the principal 
diagonal. 

6—2 
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By adding multiples of the first row to the other rows, we can 
reduce every element in the first column, except the one at the 
top, to a value which is either zero, or numerically less than the 
value of the element at the top. We now interchange rows until 
the first column is headed by an element, not zero, of the smallest 
numerical value ; and then proceed, as before, to reduce the other 
elements of the first column. This process must eventually come 
to an end ; so that, after a finite number of transformations, we 
get a first column in which every element is zero except the one 
at the top. 

We now operate upon the transformed determinant so as to 
reduce the values of the elements in the first row by means of the 
elementary operations (2) and (4). Ultimately we get a first row 
of the form 

a, 0, 0,...0 

and a is certainly not greater, numerically, than the number 
previously in the same place. 

If the elements now below a in the first column are not all 
zero, we reduce them, as before, by the operations (1) and (3), 
until we have a column with a' at the top, and all the other 
elements zero. 

The elements a, a', etc., which we thus get at the head of the 
leading diagonals, diminish continually in numerical value, so 
that a stage must come when no further reduction is possible. 
When this is so, every element in the first row is zero except the 
first and at the same time every element in the first column is 
zero except the first. Thus A has been transformed into A\ 
where 



il'= 


V, 0, 0, . 
0, 6a, 6», . 
0. 6«, 6„, . 


.. 


and 71 is different from z 


0, hm, 6ns, • 

ero. 


..6„„ 



Suppose, now, that there is an element bik which is not a 
multiple ofij: then we add the {k -h l)th row of A' to the first row, 
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and carry out the process of reduction, as before, until we get 
another determinant like A!\ this will have, instead of 17, an 
element of less numerical value. Here again the process must 
come to a stop after a finite number of operations: so that we 
ultimately get a determinant A' where every element ii^ is a 
multiple of 1;. 

If we now put 1; = «i, 6ifc = ^iCit, then 



e,, 0, 0, 


... 


0, e,Cj„ SiCa, 


... ^Cgn 


0, e,c„, eic„, 


... eiC,» 



and if we put 

C=|c«| (i, A; = 2. 3, ... n), 

the determinant C can be treated in exactly the same way, so as 
to transform it into 



0' = 



6,, 0, 0, ... 
0, ead», e^du, ... e^d^ 



0, ^saTisi ^djut ••• ^^n 
and there will be a corresponding change of -4' into 
e,, 0, 0, ... 
0, eiCj, 0, ... 

0, 0, a„, ... ttsn 



0, 0, Onj, ... Onn 

where each element 0^ is a multiple of ^i^a. 

\ By continuing the argument we arrive at the final result that 
(A) can be transformed into the equivalent diagonal system 

[^1, E2, ... -Sn], 

where Ef, = 6162 ... e^, 

and ei, 63, ... e„ are integers. 

It has been assumed that some one element of A is not zero 



Digiti 



zed by Google 



86 THEORY OF DETERMINANTS [CHAP. VII. 

this being so, ei is certainly not zero. But the determinant above 
denoted by C may have every element zero : in this case we put 

62^^ 62 ^ • • • *^ ^n ^^ "• 

In like manner, after getting finite integers Ci, 62,... er the deter- 
minant which at that stag§ corresponds to C may have all its 
elements zero : we then put 

Br+i = ^r+2 = • . . = ^n = 0. 

11. The reduction of {A) to the normal form (E) having been 
eflfected by the four elementary operations, we have an identity 

{E) = iP,) (P»_0 ... (P,) {A) (Q,) (Q,) ... (Q,), 

and since the composition of matrices is associative this may be 
put into the form 

(E) = (P) {A) (Q), 

where (P), (Q) are unit matrices. 

Hence the o-th elementary divisor of (A) coincides with the 
0-th elementary divisor of {E). But it is easy to see that the latter 
is Ea- For, in the first place, the non-vanishing minors of (E) of 
order a- are simply the products of E^, E2, etc. taken o- at a time ; 
and of these the greatest common measure is 

Dff = E1E2 . . . Eff. 

Hence the o-th elementary divisor is D^jD^-i, that is, E^. 

It follows that two systems (-4), (-B), of the tjrpe here con- 
sidered, which have the same set of elementary factors must be 
equivalent. For if {E) is the diagonal system of elementary 
divisors there will be four unit matrices (P), (Q), {R), {8) such 
that 

(E)^(P)(A)(Q)^(R)(B){S), 

and hence (B) = (P)"^ (P) (A) (Q) (S)-\ 

where (P)""^ is the unit matrix such that 

and (S)"^ is similarly defined. 

12. The argument and results of Arts. 10, 11 apply, mutatis 
mutandis t to the case when the elements of the determinants 
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considered are not integers, but rational integral functions of one 
or more variables. In fact the process of reduction to the normal 
form {E) can always be carried out when the greatest common 
measure of any two of the elements can be found by a process of 
chain-division analogous to that which is used for two ordinary 
integers. 

13. The elementary divisors of a determinant may also be 
regarded as being associated with its matrix ; and the theory may 
be extended to rectangular matrices in general. All that is 
necessary is to enlarge the matrices by adding rows or columns of 
zero elements until they become square. 



Digiti 



zed by Google 



CHAPTER VIII. 

DETERMINANTS OF SPECIAL FORMS. 

1. When a square array is written down, it is natural to 
inquire what simplifications arise in the determinant of the array 
when special relations are supposed to exist between the elements. 
And looking at the figure the relations which naturally suggest 
themselves are those which depend on the geometrical form 
which the array assumes. Hence we have various forms of deter- 
minants obtained by supposing relationships, of equality or other-, 
wise, to exist between elements situated symmetrically in the 
figure ; this shews how the notation employed has influenced the 
development of the theory. 

The most important of these special forms are symmetrical and 
skew symmetrical determinants. Here the special form of geo- 
metrical symmetry considered is with regard to the leading 
diagonal. Elements which are situated in regard to the diagonal 
in the position of a point and its image with respect to a mirror 
coinciding with the diagonal, have been called conjugate : two such 
elements are denoted by aij^ and a^. 

2. If auf = Ujei, the determinant is called symmetrical. 

The square of any determinant may be expressed as a sym- 
metrical determinant of the same order. 

For |ai*|* = |ca| 

where Cuc = cLiidki + a^a^ + . . . 

It follows from this that every even power of a determinant is 
a symmetrical determinant. 
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3. We may also suppose the determinant to be symmetrical 
with respect to the centre of the square formed by the elements of 
the determinant. 

Two cases arise, according as the determinant is of even or of 
odd order. 

First, if the order of the determinant is 2r, we may write it in 
the form : 

D= Oi, 6i, Ci...mi, 111, Vi, Ah...7i» fii> «i 

ar, hry Cr>*.rnr, Ury J'r, /V ••• 7r» ^r, Or 
Or, Pr* Jr ••• H'rt Vfy ^r, ^r ... Cr, 6r, Ctr 

Oa, A, 72--' /^> ''2, Wa, m2...Ca, 69, Oa 

In this determinant add the last column to the first, the last 
but one to the second, the (r -f l)st to the rth, then it becomes 

a2 + «2, 62 + A... Wa + J^a, ''a, A^-.-A, Og 

a^ + Or, ir+A... Wr + I'r, ^r, /Xr-..^, O^ 
a^ + Or, 6r + A . . . tV + I'r » '^r* Wi^ . . . 6r> ^ty 

03+ Oa, fea+ySa ... Wa + J'a. ^> Wa...6a> ^ 

Now subtract the first row from the last, the second from the 
last but one, the rth from the (r + l)st, then 



OiH-Oi, i>i4-/3i. 


.. Wi + J/i, 


I'l » 


/^ • 


.. A 


«! 


Oa + Oa. 6a +A. 


..Wa + I'a, 


^2 , 


Ma • 


.. A 


, 0. 



0, ... 0, rir — Vry mr — flr'*'br—firf dr-OLr 

0, ... 0, Wa-i/a, Wa -//,.. .62 -/3a, tta-Oa 

0, ... 0, «i-i'i, mi-/Ai...6i-A» G^-*! 
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Hence (iv. 7), 



jD = 



Oi-hai ... n^+ Pi 



rtr-Vr 



ar-Or 



ay + Oy... Wr + I'r ^1— Vi ... Oi — «! 

But if the order of the determinant is 2r -f 1, it may be written 
in the form 



D = 



Oi, 6i ...Til, Ui, I/i ... ^1, «! 
tta, 62-.. Wa, Wa, 1^2 ••• ^2, Oa 



Or, ^r...^r, "r, nr...bry a^ 

By proceeding exactly as in the former case, we can shew 



that 



D= Oi-f «! ... Mi-fl/i, i^ 



a^ + a^ ... nr + t'r, Ur 



Wy — I/y . . . Oy — 0^ 



Hi — i/i . . . ai — «! 



2i;i, ... 2vr, p 
So that when a determinant is symmetrical with respect to the 
centre of the square formed by its elements, it reduces to the 
product of two other determinants. 

4. If in a determinant the conjugate elements are equal in 
magnitude but opposite in sign, i.e. if 

aik = — (iki3 
the determinant is called a skew determinant. If, moreover, 

(hi = 0, 
the determinant is called a skew symmetrical determinant. 

5. It will be useful to notice the connexion between two 
minors of these systems, such that the rows and columns sup- 
pressed to obtain the one minor correspond to the columns and 
rows suppressed to obtain the other. Two such minors may be 
denoted by 



P = 



apf, apg , 

Ugfj aqg . 



Q = 



a/p, a/q 



a, 



gp, u,gq. 
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6. If the determinant is sjrmmetrical, 
i.e. if Oijb = ajK, 

clearly P = Q. 

A special case of this is, that in a symmetrical determinant 

for Ait is got by suppressing the ith row and A;th column, while 
A]ei is got by suppressing the A;th row and ith column, thus these 
determinants are of the same nature as P and Q, and are therefore 
equal. Thus the determinant of the reciprocal system is also 
symmetrical. If A is the determinant of the system, 

— =il- +-4 • — 



But 



dA 

dan 



^2A 
^A, 



ifc- 



7. If in 


Art. 5 


«i* = — Cbkii 


see that 




P = 


Op/, Opg ... 


= 


-a/p, -agp ... 




ttg/, agg ... 




-Ofg, -agg ... 



In a symmetrical determinant An and the like are still sym- 
metrical determinants. 



-(-irQ. 



m being the order of the minors. Thus if m is even 

P = Q, 

but if m is odd P = — Q. 

8. The calculation of skew determinants reduces to that of 
skew symmetrical determinants, which we shall therefore now 
consider. A skew symmetrical determinant of odd order vanishes, 
for if we multiply each row by —1, since aa; = — a^, this changes 
the rows into columns, which does not alter the value of the deter- 
minant. 

Hence, if n be its order, 

^ = (-1)"^; 
and therefore -4 = if n is odd. 
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The minor Ait diflfers from A^i by the sign of every element ; 

hence 

Ai,= {-ir-'Ati. 

Thus Ai:i = Auei{n is odd, but = - ^o- if n is even. 

Thus the reciprocal system is skew if n is even, but sym- 
metrical if n is odd. 

An is a skew symmetrical determinant of order n — 1, and 
hence vanishes if n is even. 

We have 

— =AiM + Ajti — 
dane danc 

= 2^iifc if w is even 
= if w is odd. 

9. A skew symmetrical determinant of even order is a com- 
plete square. 

For if ^ = I aor I 

is the determinant, J-u vanishes because it is a skew symmetrical 
determinant of odd order. Hence (vi. 6), if a^ is the complement 
of affcin^n, 

a»i, Oik =0, or Oiidj^^aij,^, 

since Oik = «« (Art. 8). 

Now by (IV. 24) if we expand according to products of elements 
in the first row and first column, since -4ii = 

A^-laiiakiOii, 

where i, k take the values 2, 3 . . . n ; 

or ^ = 2a,iaii.V'a<iatfc 

Thus A is the square of a linear function of the elements of a 
row. Now an is a determinant of order w — 2, which is even if n 
is even. Thus a skew symmetrical determinant of order n will 



Digiti 



zed by Google 



8-11] DETERMINANTS OF SPECIAL FORMS 93 

be the square of a rational function of its elements if one of 
order w — 2 is so. But when n = 2, 

0, Oia = Ois*. 

Oa. 

Thus skew symmetrical determinants of orders 4, 6...2r are 
squares of rational functions of their elements. 

10. Since if w = 2 the square root contains one term, when 
w = 4 the square root will contain 3, when w = 6 it will contain 
5 . 3 terms, and so on. Hence a skew symmetrical determinant of 
even order n is the square of an aggregate of 

1.3.5...(n-l) 
terms, each consisting of the product of Jn elements of A. 

In particular OiaaM ••• ^n-m is a term o{ JA, for 



n 



(01,084 . . . anr-iny = (- 1)^ OmOm . . . On-mOaiO^s . . . Onn-i^ 

11. This function '/A is of importance in analysis, and has 
been called a PfaflSan by Prof. Cayley on account of the use made 
of it by Jacobi in his discussion of Pfaflf*s problem. 

That value of *JA which contains OnO^ . . . On^m as first term 
with positive sign will be denoted by 

P = [l, 2..,n]. 

The remaining terms of P are got from the first term, 

Oi2G^ ... CLn—int 

by interchanging all the suffixes 2, 3 ... n in all possible ways, and 
giving a sign corresponding to the number of inversions. Since 
o^. = — Ok it is possible to effect the interchange in such a way that 
all the terms are positive. 

The Pfaffian changes sign on interchanging only two suffixes 
i and k. For if we interchange i and A in the determinant, this 
interchanges the tth and kth rows as well as the ith and kth columns, 
thus the value of the determinant remains unchanged. If Pj is 
the new value of P, 

Hence Pi=±P. 
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To determine which sign we are to take, let us consider the aggre- 
gate of terms cUkPik which contain ai^t* Then pik only contains 
terms whose suffixes are independent of i and k. The corre- 
sponding aggregate for Pi is 

akiPik, 
which, in consequence of the relation at^ = — oo;, proves that 

12. The minor oa is also a skew symmetrical determinant. 
We shall shew that 

V^ = (-iy[2, ... i-1, i-f 1, ... n], 
or with i — 2 cyclical interchanges 

Vaii = [i+1, ... n, 2 ...i-1]. 
Since at** = aiiau, 

it follows that the terms of the product V^ ^/ai^ are either equal 
to those of Oii, or equal with opposite signs. 
Now the product 

(-l)*+*[2...i-l, i4-l...n][2...i-l, k+l...n] 
and the determinant 

««= Oa.j (h,k-u aa,*+i (-1)*"*"* 

di—i^ a . . . (X»_i, jb_i, di-i^ k-H ' 
di^i^ 3 . . . di+i^ ib_i, (H-\-i,k-\-i ' 

by the same number of interchanges of two suffixes, become 
respectively 

[A?, p,q, r, s ... u, v] [p, q, r, s ... v, %] 
and 

«*p» Cl'kq, (lkr"-CLH 
^PP> ^pq* ^pr • • • dpi 



And the term 

dkpClgr • • • Ct-t^tJ • djpqdfg . . . d^iffi 

of the product agrees in sign with the first term of the determinant 

dkpdpqagr...avi, 

whence the theorem follows. 

This proposition serves to determine V^u, V«aa as functions 
free from ambiguity of sign. 
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Since we have shewn in Art. 9 that 

jA^a^ Vom + (hz Va« + ... 4- a,n Vfl^, 
it follows that 

[1, 2...w] = aM[3..,n] + ai,[4...n, 2]+ ... +ai„[2 ...n- 1] ; 
a relation which enables us to determine PfaflSans of order n from 
those of order n — 2. 

Observe that after we have selected the suffix 1, the others are 
written cyclically. Hence 

[1,2] = 012 
[1, 2, 3, 4] = 012084+ 013042 + 0140,, 
[1, 2, 3, 4, .5, 6] = 012 [3, 4, 5, 6] + Oi, [4, 5, 6, 2] + O14 [6, 6, 2, 3] 

+ Oi5[6, 2,3, 4] + Oie[2,3, 4,5] 

= 0,2034088 + OijOssOm + 012088045 

+ Ois04508a + O13O48O25 + O1SO43O88 

+ 014058028 + 014082038 + 01405808B 
+ 015082034 + O10O83O43 + O15O8402S 

+ O18O2SO45 + ai80a4083 + Oi80a8084. 



= (od + ie + c/y. 



In particular 

0, o, -6, c 

-o, 0, /, e 

6, -/, 0, d 

— c, —e, —d, 

14. In a skew symmetrical determinant of even order, An 
vanishes, being a skew symmetrical determinant of odd order. 

But (Art. 8), 

A 1^^ 



dOije 



.n]* 



= [1.2...„]4-[1.2...»]. 

Now 
P=[l, 2...n] = (-l)*-'[i, l...»-l, i+l...n] 
= (- 1)<-' {a.-,[2 ... i-1, t + 1 ... n] + ... 
+ a«(-l)*-'[l, 2...1-1, i + l...k-l, k + l...n] + ...]; 
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hence ^it = (~ 1)*+* [1, 2 ... n] {ik}, 

where {ik} is the Pfaffian got by omitting i and A? in [1, 2 ... n], 

15. In a skew symmetrical determinant of odd order Au is 
a skew symmetrical determinant of even order, and is hence the 
square of a Pfaffian ; 

viz. Aii=[l...i-l, t + l...wp, 

V-4« = (-l)-^[l...t-l, i+l...n] 

= [i-f 1 ... n, 1 ...i-1]. 

Also, since A==0, 

'A.ii?^ AiiAjsk. 

Hence -4a;= [i-f 1 ... w, 1 ... i— 1] [A + l ... w, 1. ..& — !]. 

16. The result of bordering a skew symmetrical determinant 
is also of interest. The result assumes different forms according 
as the determinant which we border is of odd or even order. 

Let the original skew symmetrical determinant be 
^ = |ait|, 
and let the bordered determinant be 

-D = tta^, a-ali ao2) Ct-«8 . 

^i/3j Ctji, dia, Ojs 
a^fiy Oaij 0^22* <hi 
(hfi* ^8i> CE^> ^ " 



By Cauchy's theorem (ill. 24) 

D = aafiA- Xoai ak^Aik. 
Now, if A is of odd order it vanishes, and 

^t* = [i-M ...w, 1 ...t-l][A;4-l ... w, l...A;-l]; 
hence, if we suppose that a^i = — a^^, 

jD = 2a,<a^t[i + l...n, 1 ...i- 1][A; + 1 ... n, l...A?-l] 
= (aai[2, 3...n] + ...)(a^i[2, 3.. .71] + ...) 
= [«, 1, 2...n][/3, 1, 2...«], 
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where in the PfafBans such expressions as diay dfik which do not 
occur in the determinant aie supposed to mean — ttat, - a*/}. 

But if A is of even order, 
i)= a„41, 2 ... nf + laaiapi{- iy+* {ik} [1, 2 ... n] (Art. 14) 
= [1, 2...n][a, /9, 1, 2...7i]. 

17. We have hitherto treated of skew symmetrical deter- 
miuants : it is easy to reduce to these the calculation of skew 
determinants. Namely, by IV. 23 

iy = D + XauDi + ^OiiajocDik + ... +auaa ... anny 
where D is what U becomes when all the diagonal elements vanish. 
Di is what the coefficient of oa in U becomes when the diagonal 
elements vanish ; Dik the coefficient of ouajck in D' with the elements 
in the leading diagonal zeros, and so on. 

If all the elements in the leading diagonal are equal to a? we 
can write this 

jD' = a;'* -f x'^-^tD^ 4- x'^tD^ + ... -{-x^-^XD^ -f ... 

where Dm, is a minor of order m got by suppressing n — m rows 
and columns which meet in a diagonal element, the other diagonal 
elements being put zero, and the summation extends to all m-ads 
in n. 

If m is odd, Dm, vanishes, and if m is even it is a complete 
square. 

Thus, the elements being skew, 



X^ Cli2 , Ctiz 

CUa, X, a^ 

Osi, 082, ^, 084 

O41, ^42, O43, X 



= a^ + x (a^a 4- a*i8 + a^^) 



+ (OiaOM + OiaO^j + O14O28)*. 



18. We can apply this last theorem to prove Euler's theorem 
concerning the product of two numbers, each of which is the sum 
of four squares. Namely, we have 

B. D. 7 
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a. 


b, c. 


d 


^(a* + b' + <f + d% 


-h. 


a, -d, 


C 




-c. 


d, a, - 


-b 




-d, 


-c, b, 


a 




P> 


q, r. 


8 


= (p'>+q^+r^ + ^y. 


-9. 


P, -s, 


r 




-r, 


8. p. - 


-q 




-s, 


-r, q. 


P 
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Now multiply these two determinants by rows, then if we 
write 

A=^ap + bq + cr-{'d8, B = — aq-\-bp - c8-{- dr, 
= — ar + 65 + cp — dg, D^ — as — br -\- cq -{- dp, 

we get a skew determinant of the same form as the other two, 
whose value is 

whence 

(a»+ 6^ + c^ + d^){f-\-q^ 4. r^ + §2) = A'^+E^ + C^ + i>. 

If we were to eflfect the multiplication by rows and columns we 
should get another form of the same theorem ; by suitably per- 
muting the ro\ys and columns we get still further representations 
of the way in which the product of two numbers, each of which is 
the sum of four squares, can be represented as the sum of four 
squares. 

19. We have seen that the square of any determinant is 
a symmetrical determinant (Art. 2). Cayley and Brioschi have 
shewn independently that the square of a determinant of even 
order can be represented by a skew symmetrical determinant of 
even order. 

Brioschi's method is as follows : We have 



A = 






tti2, — ttii ... dim ~~ Gti,v_i 
C^j2 y ■" ^21 • • • ^2n > "~ d-jn—i 



dn2f ^w 



dnm 



dn 
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Multiply these two equal determinants together by rows, and we 
obtain : 

-A = I U, li2y 613... Cm 
' ^21 » ^t ^ • • • ^2n 



where 

SO that Iss = 0, Zr« + ^w = 0. 

Thus A^ is represented as a skew symmetrical determinant. 
It follows that A can be represented as a PfaflSan of the functions L 
If n = 4, for example, 

ttji ... CI14 = ^12^ "I" ^13 '42 "h '14 ^28* 



The sign is determined by making the sign of a single term in the 
determinant and Pfa£5an agree. 

If, instead of interchanging columns, we interchanged rows, we 
should get another independent representation of the determinant 
as a Pfaffian. 

20. A third class of determinants comprises those of the form 
2) = 



a,, 


Oa, 


<h 


... an 


aa, 


as, 


a^ 


... an+i 


Os, 


a4, 


^5 


... an+2 



^nj ^+i> (^n+2 ••• ^211—1 

where all the elements in a line at right angles to the leading 
diagonal are the same. If the elements had been written with 
double suflSxes we should have had the relation 

whenever p-{-q = r-{- s. 

Such determinants have been called orthosymmetrical. Their 
most important property is that we can replace the elements by 
diflFerences of aj. 

7—2 
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For if we operate on the rows as we did in Chap. ill. 5 (iv), and 



put 



jD: 



ttl, 



= a* 



^ — axy &c. 



Oa, ... an 
Atta, ... Attn 

A^aa, ... A«an 



A^-^Oi, A*^^tts, ... A'^-^On 



«!, 


Aai, ... 


Aai, 


A'a,. ... 


A'a„ 


A'Oa, ... 



Now repeat the same series of operations on the columns, 
beginning at the last, then 

jD= tti, Aa,, ... A^^^Oi 
AX 

A^-^Oi, A'^Oi, ... A^^ai 

An important example of this class of determinants is that 
where a^ is a function of k of the mth degree in k, whose highest 
term has coefficient unity, so that the quantities g^, aj ... form an 
arithmetic series of the mth order. If m = n — 1 all the elements 
below the second diagonal vanish, while all those in it are equal 
to (n — 1) !, whence the value of the determinant is 

njn-l) 

(-1) ' {(n-l)!l». 
If m is less than w — 1 the determinant vanishes. 

21. The determinant of order r 4-1, 

(m 4- l)p, (m + l)p+i, (m 4- l)p+2 ... (m 4- l)p+r 
(m 4- 2)p, (m 4- 2)^+^, (m 4- 2)^+^ ... (m 4- 2)^+^ 



(m 4- r)p, (m 4- r)p+i, (m 4- r)p+a ... (m -+- r)p+^ 



where 



mp = 



m(m— 1) ... (m—p 4-1) 



1.2...i> 
though not orthosymmetrical, is of a similar nature ; let us call it 
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Divide its first row by m, the second by m 4- 1, ... its (r 4- l)th 
by m + r. Then multiply the first column by p, the second by 
p + 1, ... the last hy p + r. Then 



y. __m(m + l) ... (m + r) 



(m-l)p_,, 



m. 



'p—ly 



(m-l)p 
nip 






(m + r-l)^!, (m + r--l)p ... (m4-r-l)^+^^i 
or, if we multiply numerator and denominator of the fraction by 

(r+1)!, 



^ m,p "" / ^ , ^\ '^ « 



m-i,p— 1 . 



Thus by giving to m and p different values we obtain the series 
of equations 



m-ifP—i ' 



(p+r-l)r+i 



m--a,p— a 



^ (m + r-^-f l)r+ i TT 

(r+lw 



w— p+1, 



m— p,o* 



Now F,n--p,o is the value of the last determinant in iii. 5, when we 
write m — p for m and 1 for d. Hence its value is unity, which 
gives, when we multiply the above equations together and cancel 
like factors, 

Y ^ (m + r)r+i (m + r- l)r+i ... (m -f r - j? + l)r^^ 
"^•^ (p-^rU,(p + r-lU, ... (r + IW, ' 

Another expression can be obtained for the determinant by 
dividing the first row by m^, the secoud by (m + l)^, ... the last 
by (w + r)p. Then multiply the first column by po, the second by 
(p + ^)i> the last by (p + r)r ; the transformation gives 

y \^ mp('ni + l)p (m + 2)p . . . (m + r)p 
"•^ Pp{p+l)p(p + ^)p-'{p + r)p ' 

A remarkable special case of the first form is when p = l, the 
value of the determinant being {m + r)r+i, i.e. the last element in 
its leading diagonal. 
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22. If in the deterrainant of Art. 20 

/ . I . \ (c + A7 + m)(c + A;4-m-l)...(c + A? + l) 
a*+i = (c + A;4-m)^=^ -^^ — ^ 2,„rn ^ ' 

then if m = n — 1, A'^'^Oj = 1, and we have 

(c 4- 7i)n-i, (c + n + l)n_i ... (c + 2/1 - 1)^1 I 

(c4-2n-2)n-i, (c + 2n-l)„_i ... (c + 3n-3)^i | 

23. Another class of determinants consists of those of the 
form 

. D = 



ai, aa . 


.. an 


an, Oi . 


.. ttn-i 


a„_i, an . 


.. an-2 



^2 > ^3 • • • ^ 

where the element in the leading diagonal is always a^, and the 
rest of the row is tilled up with Og ... a^ in cyclical order. 

The peculiar property of Jbhis determinant is that it divides by 

ai + OaO) + ttsw^ -f . . . 4- an(o^~\ 

where o) is a root of the equation a;** = 1. 

For if Aiy J.2...^n are the complements of the elements of 
the first row of this determinant we have (iv. 11) 

01^1 + 02^12 4-... 4-On^» =1> 
01-^2 4- 02^34- ... 4-On^i =0 



(1). 



OiJ[n4-02-4i4- ...4-On^n-i==0 

Now consider the product 

(Oi 4- OaO) 4- OsO)' 4- ... 4- a„a)"-0 (^1 4- -igw"' 4- -ig®"' 4- ... 4- 4n«"^"*"'). 

The coefficient of a)*~^ is 

Aittk 4- A^ak+i 4- ... 4- Ana^-i. 
If k is equal to unity this is equal to jD, by the first of equations 
(1), but if k is not unity it vanishes by one of the other equations. 
Thus D divides by 

Oi -i-02Q)4-...4-o««'*"~^ 
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Hence 

^ = (01 + 02+ ... +an)n(ai + a2ft) + a8ft)*4-...4-an(»**"0> 
where cd is one of the roots of the equation ir^ — 1 = 0, unity 
excepted. 

24. Another elegant demonstration of the theorem of the 
preceding article is the following. If oh* a>, ... 6>n are the n roots 
of unity, let 



P= 1, ©1, ft)i« 

1, ®n, 






Then if we write 

Oi + ttaO) + a,©* 4- ... 4- anft)^-^ = <^((»), 
and remember that cd" = 1, 



whence 



= P<^ (ft)i) <^ (0)2) . . . <^ (ft)n), 
jD = ^ (©1) <l> (0)2) . . . <^ (ft)„). 



25. Mr Glaisher has shewn that a determinant, such as that 
in Art. 23, of order 2n, can be expressed as a similar determinant 
of order n. Namely 

a,, tta ... a^y i = ; ^1, -42 ... Ar 



ttg, as 



Oi 



I -4.^, -di ... An- 

-0-2, -4;, ... Al 



where 



Al = OiOi - OanOa + Oan-iOs ... - (h^hn 

A2 = (h^i "■ ^^ + ^1^ ... — a4a^ 

Ar=: (hr-iOi — Oar^^Gh + a2r-3G^ ... — a.jraw 
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For the first determinant 

= n (a^ + Oaft) 4- OjO)' + ... 4- (hndi^'^^ 

<o being a 2nth root of unity ; and since for every root to there is a 
root — o), this 

which product is equal to the second determinant. For the 2wth 
roots of unity being denoted by ± 1, ± Wj, ± Wg ... ± a)„_i, the nth 
roots of unity are 1, ©i', ©a' ... (o'^n-v 



For example, if n = 2, 

a, 6, c, d 



A, B 

B, A 



d, a, 6, c 
c, d, a, b 
6, c, d, a 

where il = a» + c* - 26d, 

£=-63-d«+2a-c, 
and the value of the determinant is 

a* - 6* + c* - d* - 2a^d' + 262^2 - 4a«6d! + 46«ac - 4c^6d + 4d«ac. 

26. If in the determinant of Art. 23 we suppose 

D = €*n (Oi + Oaft) + OsW^ 4- ... + anQ)"^') 

_ ^a-H*i-h«a+...+«n-i) 
= 1. 

27. Determinants whose elements are binomial coefficients 
have been discussed with great minuteness by v. Zeipel, who has 
given an immense number of theorems relating to this class of 
determinants. One or two of these we shall now consider. 
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The value of the determinant 

nijcy n, prrii, qni^ ... trnt^i 

(m+l)t, 714-1, (p+l)(m4-lX, (g 4- l)(m 4-1)2 ... («+l)(m +])*_, 
(m 4-2)4,714-2, (p4-2)(m4-2)i, (gr4-2)(m4-2),... («4-2)(m4-2)jfc^, 

(m'hk)kyn+k, (jo4-Ar)(m4-Ar)i, (q-^k)(m-^k\...{t'{-k)(m'{-k)k^i 

is (m — n){m — p — l)(m — q — 2) . ,. (m — t — k + I). 

We must first shew that the determinant vanishes when m is 
equal to any one of the quantities 

n, 1)4-1, 34-2 ... t-^-k-l. 

First let m = n, then the determinant is 

mjfc, m, prrii, / qvh 

(W4-1)*. m4-l, (i)4-l)(m4-lX, ((? 4- l)(m4- 1), ... 

(?H -I- k)k, m-^k, (|) 4- A) (m 4- Ar)i, (g 4- Ar) (m 4- A)a . . . 

If we subtract the second column, multiplied by p, from the third 
we see that the determinant is independent of p. Do this, and 
divide the first row by m, the second by m 4- 1, the third by 
m4-2 ..., then multiply the first column by k, the fourth by 2, the 
fifth by 3 ..., then the determinant reduces to the product of 

m(m 4- l)(m 4- 2) ... (m 4- A) 
1.2. .7* 

and the determinant 

(wi-l)jfc_,, 1, 0, q(m-l\, r(m-l)2 

mt^i, 1, 1, (q-hl)mi, (r 4- 1)^2 

(w4-A-l)*-i, 1, A, (q + k)(m+k-l\, (r + k) (m -{■ k - I), 

Multiply the second column by q{m—l)i, the third by 

g(m-l)o + 1.7/ii, 

and subtract their sum from the fourth column, and we get the 
new determinant 
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(m-l),_„ ], 0, 0, r(m-l), 
mt-iy 1, 1, 0, (r + l)ma 

(m + l)fc_a, 1,2, 1, (r + 2)(m + l), 

{m + k-l)k-iy 1, fci, ^2, (r4-Ar)(m + A-l)3... 

In this determinant multiply the second column by r (??*-- 1)2, the 
third by r(m — l)i + l .ma, the fourth by r(m — l)o 4-2. ttii, and 
subtract the sum of their elements so multiplied from the elements 
of the fifth column, and proceed in a similar way with the altered 
determinant. Finally we reduce the determinant to the product 
of a finite number of factors and 



(m -!)»_„ 


1,0, 


. 


.. 0, 





wt_i, 


1, 1, 


. 


..0. 





(m+l)t_i, 


1. 2, 


1 . 


..0, 






(m-fA-l)jfc-„ 1, Ai, Aa ... kk-2. h-i 

In this determinant multiply the second column by (7/1 — l)jt_i, 
the third by (m — 1)*-^, the fourth by {m — 1)*_3, &c., and subtract 
their sum from the elements of the first column; then each element 
of the first column, and consequently the determinant vanishes. 
Hence our determinant divides by m — w. Similarly we can 
shew that it divides by each of the other factors, hence it is 
equal to 

C(m - w) (m -p - 1) (m - g - 2) . .. (m - f - A + 1), 

where G is independent of n, |>, 9 . . . ^, because the determinant is 
linear in each of these quantities. 

To find the value of G put 



then we get 



.. = ^ = 0; 



mjfc 1, (m+l)i, (m+l)2 ... 

2, 2(7» + 2)i, 2(m4.2)3... 

3, 3(m + 3X, 3(m + 3)2... 

ky A(m + A;)i, k{m + k)^... 
= Cm(m-l) ...(m-i + 1). 
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But the determinant last written is equal to k\, as we see by 
putting d = 1 in the last determinant of iii. 5. Hence 

(7=1; 

thus the theorem is proved. 

28. The determinant 

mi, n, prtii ... qm^-i, smu, ... unir-i 
(w+l)i, w + 1, 0) + l)(m+lX (u + l)(m + l)r-i 

(m-+-A)i, 714- A, (p+ A:)(m + A;)i (w + A-)(m + A^^i 

|(m + r)i, n + r, (/> 4- r)(m + r)i (i^ + r)(m 4- r^-i 

is equal to the product of 

(A: + l)(A:+2)...r 



and 



mi, w, J>^i, 

(m4-l)i, n4-l, (j> + l)(m4- 1), 



(^ + l)(m + l)i_, 



(1). 



(m4-^)i, n^-ky (p •{• k) (rri -^ k)i ... (g + A;) (m + A;)i_i 
That is to say, it is independent of the r — k quantities 8,...u, 

To prove this, apply to the determinant the operations of III. 
5 (iv). Then in place of any element P in the jth row we must write 

Then in the first column every element after the (k + l)th vanishes, 
in each of the others every element below the leading diagonal 
vanishes, while the element of the ith column which is in the 
leading diagonal is (i— 1). 

Hence if we expand the determinant by Laplace's theorem, 
according to minors of the first k columns, it reduces to 

(A4-l)(A: + 2) ... r mt, ?i, p^Uj ,., qmjc^^ , 

"tnio-i , 1 , [prn^ + (^'^ + 1 )o] . . . ' 

mi_3, 0, 2(m4-l)o 



0, 0, 



0, 
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[chap. VIII. 



which proves the theorem. For the last determinant is the 
result of operating, as in ill. 5 (iv), on the determinant (1). The 
determinant (1) is known by Art. 27, and hence we know the 
value of the new determinant. 



29. Next let us consider 

(m + l);t, (w + l)(m + l)d, (;) + l)(m-hl)d+i 

(w + r)k, {n + r) (m 4- r)d, {p 4- r) (m 4- r)d+i ... 
where k has any value from d to d 4- r — 1 inclusive. 
Divide the rows by 

^d> (^i 4- l)d . . . (m 4- r)d 
respectively, and multiply the columns by 

h-d. 1. (d + lX, (d + 2X... 
Then our determinant is equal to 

TTid (m ->- 1 )d (m 4- 2)d . . . (m + r)a 
A:*_d(d-4.1),(d + 2),...(d + r-iV-i" 

multiplied by the determinant 

(m-d)k-d, n, p(m'-d)j 

(m-d4-l)ifc-d. n4-l, (p -h I) (m - d -h l)i .. 

i (m — d + r)f^d* w4-r, (p + r) (m — d + r)i .. 
which by the preceding articles is equal to 

(A - d + 1)(A - d 4- 2) ... r (?/i - d - n) (m - d -;> - 1) 

(m-d-g-2)... (2), 

being independent of the last (r ^ k -\- d) of the quantities n, 
p ... u. 

The determinant we started with is equal to the product of (1) 
and (2). 



.(1) 
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30. In the determinant of the last article let 
n=2) = ... = 2* = ^, i = d=l; 
then, if we multiply both sides by 2**, we obtain 

mi, mi, ma ... m,. 

(m + l)i, 3(m+l)i, 8(m + l)2 ... 3(m-fl), 

(m-f2)i, 5(m + 2)i, 5(m + 2\ ... 5(m+2V 

(m + r)i, (2r4-l)(m + r)i, (2r + l)(m-f r)^ ... (2r + l)(m4- r^ 

= 2''m (m + 1) . . . (7?i + r). 

Divide both sides by m (m + 1) . . . (m + r), and then multiply both 
sides by r!, thus 

, 1, 1, (m-l)i, ... (m- l);._i 
1, 3, 3mi, ... 3 (mV_i 1 = 2.4.6... 2?\ 

1, 5, 5(m4-lX ••• 5(m-i- 1)^-1 i 



Hence, changing m — 1 into m, if we write 

i, 1. (m + l)i, (m 4- IX ... {m + l)r 
i, 1, (m + 2)i, (m + 2)3 ... (m + 2), 



we have by Wallis' theorem 

Lin] 
when r, and therefore the order of the determinant, is infinite. 



Lim. (2r+l)t^Vi=2> 
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CHAPTER IX. 

ON CUBIC DETERMINANTS AND DETERMINANTS WITH 
MULTIPLE SUFFIXES. 

1. Just as when v^ elements are given we can arrange them 
in the form of a square, so when n^ elements are given we can 
arrange them in the form of a cube. Then we can indicate the 
position of the elements by means of three suffixes. The elements 
will lie in three sets of parallel planes; supposing the cube 
containing the elements to stand on a table with one face towards 
us, we may for convenience call those planes parallel to the face 
on which the cube rests strata, those parallel to the face in front 
of us planes, and the perpendicular planes sections. 

2. An element of such an array will be denoted by Oyjb, 
where the suffixes mean that it stands in the ith stratum, 
jth plane, and Ath section. 

The set of elements in the leading diagonal will be 

From this we can form a function analogous to a determinant, and 
hence called a cubic determinant, by the following process. 

From the leading term 01110222 ... ^nnw we form n! terms by 
writing for the series of third suffixes all possible permutations of 
1, 2 ... n, giving to each of these terms a sign corresponding to 
the class of the permutation. Then from each of the terms so 
obtained we derive n\ new terms by writing for the series of 
second suffixes all possible permutations of 1, 2 ... n, giving to 
each new term, relatively to the term from which it is derived, 
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the sign corresponding to the class of the permutation. The 
sum of all these {n!}* terms is called a cubic determinant, and is 
denoted by 

or by I aijtl {i j> * = 1» 2, ... n). 

3. Just as an ordinary determinant can be represented as the 
product of n alternate numbers, so a cubic determinant can be 
represented as the product of n factors lineo-linear in two sets of 
alternate units. 

If ei, ^2 ••• ^n ; €i, €2 ... €n are two independent sets of alternate 
units, then the determinant of Art. 2 is equal to the product 

n {aiiieiBi + aiiaCieg 4- ... 4- aim^i^n 

+ Cli^€26i + 0^122^2^2 + ... 4- Cli2n^3^n /y _ l 9 „\ 

+ aini€„ei4-aiw3€n^+ ... + Oinn^nen} 

For if we consider any term of the product, it will vanish if it 
contains two e's or two e's with the same suffix, i.e. if two a's with 
like second or third suffix occur in the term, which ensures that 
all terms which do not belong to the determinant vanish. Thus 
every term which does not vanish contains some permutation of 
the units ei, eg •.. €n and ^i, 63 ... 6n as a factor, and if the units 
be brought to this order the sign of the term will be (— l)^-*-"; 
where fju is the number of inversions in the e s, i.e. in the second 
suffixes of the term, and v the like number for the e's or third 
suffixes. That is to say each term of the product is a term of 
the determinant with its proper sign. Thus the determinant is 
correctly represented by the product. 

Just as an ordinary determinant is the product of linear 
functions of the elements of a row, a cubic determinant is the 
product of linear functions of the elements of a stratum. 

By means of this representation we can deduce the properties 
of cubic determinants. 

4. The sign of the determinant is changed if we interchange 
two planes or sections. 

For interchanging two planes is the same thing as inter- 
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changing two €*8, and interchanging two sections the same as 
interchanging two e's. Either of these changes alters the sign of 
every term, and therefore of the whole determinant. 

6. Interchanging two strata does not alter the sign of the 
determinant. 

For we can represent the determinant by either of the two 
products 

n (bnei + 6126, + . . . -f- binen) , . _ , „ . 

n (Cii 61 4- Ci2€a + . . . + Cin€n) 
where bijc = CtiikCi + OiaJb^a + . . . + CUnk^n 

Cik = OOri^i + 00362 4- . . . +• aiknen- 

From the first form we see that the determinant, on inter- 
changing two strata, suflFers a change of sign as being the product 
of alternate numbers belonging to the system e] from the second 
we see that it also suffers independently a change of sign as being 
the product of alternate numbers belonging to the system e. 
Thus on interchanging two strata the determinant undergoes two 
changes of sign, and hence remains unaltered. 

6. A cubic determinant of order n is the sum of nl ordinary 
determinants, each of order ?i. 

For as in Art. 5 

4 = n (Cii€i + Ciafa -h ... + Cin€n) 

where Ca has the same meaning as in Art. 5. Hence, by I. 19, 

A=i\cik\. 

Thus the cubic determinant is equal to an ordinary deter- 
minant of the same order, whose elements are alternate numbers. 
To split up this determinant into others with simple elements we 
must take a partial column from each column of the determinant, 
but if we take a partial column in the pth place from one column 
we cannot take a partial column in the pth place from any other 
column, for then ep would occur twice, and the corresponding 
determinant must vanish. Hence each selection of partial 
columns must be a permutation of 1, 2 ... w, there are nl such 
selections, and as many determinants with simple elements. 
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Thus A^l\aijut)\, 

where the determinant on the right is an ordinary determinant ; 
k is put in brackets to remind us that though it varies from one 
column to another, in the same determinant it remains fixed. 
This theorem is also an obvious consequence of Art. 2. 

7. If in the preceding article we suppose all the first suffixes 
to be the same, all the determinants on the right would become 
alike, only their columns being permuted, and each determinant 
would have the sign corresponding to that permutation, hence 
suppressing the first suffixes altogether, the cubic determinant is 
now equal to 

(nl)\ajjt\ (j,A = l, 2...n). 

This then is the value of the cubic determinant whose strata 
consist of the determinant 

Oil ...Oin 
Ctni •'• ^n 

repeated n times. 

8. The product of two ordinary determinants, each of order n, 
may be expressed as a cubic determinant of order n. 

Let A^\au,\=^AiAi...An, 

where Ai = OiiCi 4- a<3€a 4- . . . + OinSn, 

Bi = biiei + ftia^a + ... + binCn, 

the systems of units e and € being independent. 

Then AB = UAiBi 

= n {aiibii€iei + diibi^eie^ + . . . + aii6»n€i6« 
4- aiibiic^ei + Ofeftiaeaea 4- ... + Oiibine^en 
4- 

4- ainbiiCnei+ainbi^Cnei-^- ... +ainbin€nen)' 

Now if Cijj: = di^bn, 

the product on the right is the cubic determinant of the elements 
c^. Thus the theorem is proved. 

s. D. 8 
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By multiplying Ai and Bi together we avoided any inversion 
of the A'8 and J5's among themselves. If we allow for the conse- 
quent changes of sign we can have as many such inversions as we 
please, and so vary the form of the cubic determinant which 
represents the product. 

9. The product of a cubic determinant A, whose elements 
are a^jb, and of an ordinary determinant J5, whose elements are 
6{i, is expressible as a cubic determinant C, whose elements are 
c^, where 

Cijk = h^diki + bjiOika + ... 4- bjnOikn- 

To prove this, we observe that 

C-U (Cin€iei -f- Ci„€ie2 + ... 4- CimeiBn 
"T 0^63^ + 0^62^2 + . . . -r 0{2n^s^n 

+ 

H" Cini^n^ 4* Cin3€n^2 + • • • 4" Cinn^n^n) 
= 11 (OiaB^ei + atiaJJi^a + ... + OimB^en 

4- 0^21-82^1 4- di^B^e^ 4- . . . 

+ ); 

where Bj = 6^€i 4- h^^^ 4- . . . + bnj€n. 

Now since the alternate numbers Bj follow the same laws as 
units, this last product is a representation of the cubic determinant 
A by means of the units e and B, Thus 

G = A .e^ ...en*Bi...Bn 
^AB. 

10. It is now an obvious step to construct functions analogous 
to determinants by means of letters with more than three suffixes, 
though when we take elements with more than three suffixes we 
cease to be able to picture to ourselves their arrangement topo- 
graphically as we can in the case of elements with one, two or 
three suffixes. We can, however, conceive a set of elements with 
p suffixes such as 

(Ujk...li 

n^ in number, to be arranged in p sets of rectangular planes in 
a space of p dimensions, and forming a rectangular parallelo- 
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scheme of p dimensions. (Cf. Schlafli, Qaarterly J(mr. II. p. 278.) 
The elements which have all suffixes the same, except % lie in 
the same line, those which have all suffixes the same, with the 
exception of % and j, lie in the same plane, ... those which have 
only I in common lie in a rectangular paralleloscheme of p — 1 
dimensions. 

The product of the elements 

^i...i^...3 ••• ^nn,..n 

is called the leading term of the determinant of the pih. class, 
which is formed by keeping the first suffixes unaltered, and writ- 
ing for each set of the other suffixes all possible permutations of 
1, 2 ... 71. To each term so obtained we give the sign corresponding 
to the sum of the number of inversions in the p — 1 sets of variable 
suffixes. 

The whole number of terms is {n!}^^^ 

11. The determinant of the pth class can be represented as a 
product of linear factors of the elements which lie in the same 
paralleloscheme oi p — l dimensions. 

JLI €\f €2 • '• €n 

€i, €2 ... en 



be p — 1 sets of alternate units ; it is plain from reasoning similar 
to that in Art. 3, that the function 

A = IlXaijk...iej€ii: ...rji 
(where the sum is formed by giving to each of the suffixes j, k .,.1 
all values from 1 to n, and then forming the product of such sums 
for the values 1, 2 ... n of i) is a determinant of the pth class and 
nth order, such as we have defined in Art. 10. 

12. This definition is strictly analogous to those for deter- 
minants of the second and third class. A determinant of the 
second class is the product of linear functions of the elements of a 
row, one of the third class the product of n factors linear in the 
elements of a stratum. Here the determinant of the pth class is 
the product of n factors linear in the elements of a parallelo- 
scheme o{ p — 1 dimensions. 

8—2 
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13. It is clear that by the interchange of any two sufiSxes, 
except the first, the determinant changes sign. Also since the 
factors of the determinant can be written as linear expressions of 
each of the p — 1 sets of alternate units, it follows that by the 
interchange of two first suiBSxes the determinant undergoes p — l 
independent changes of sign. Thus the determinant remains 
unaltered or changes sign according as its class is odd or even. 

14. We have kept the first suffixes in their natural order. It 
is however indifierent which set of suffixes is retained fixed. If 
the class of the determinant is odd, it is perhaps more symmetrical 
to keep the middle suffix unaltered ; the determinant is however 
not the same as before. 

16. The product of a cubic determinant A, whose elements 
are Oijje, and of an ordinary determinant B, whose elements are buc, 
can be represented as a determinant of the fourth class 0, whose 
elements Cijia are given by 

Cijkl = Ctijk^U' 

For A = 11 (a^€iei + anzCie^ + . .. + (iiin€ien 

+ aiai€2«i+ ), 

J5 = n (6<i?;i 4- 6i2^2 + . . . + binVn)' 
Thus clearly 

>iD TT/K* \ (In Si, A, i = l, 2 ... m) 

AB = U(Zcim€jekVi) )r tt • i o \ 

\ -v« J K 1%; ^jj^ n I = 1, 2 ... n) 

which proves the theorem. 

16. The product of two cubic determinants A and B, whose 
elements are a^k and 6^*, both of order n, can be represented either 
as a determinant of the fifth class, whose elements are 

Oipqrs ^ ^pq^irtf 

or as a determinant of the fourth class, whose elements are 
given by 

Cijkl = ^dpijhki (p = 1, 2 . . . n) ; 

the order of both determinants being n. 

The first part of the theorem is proved as follows : 
A = nSctipqCpeq. 
(In S p, q = l, 2 ... n; in 11 i=l, 2...n.) 
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B^UXbirsjrK 

(In 2 r, « = 1, 2...n; in 11 i«l, 2 ... n.) 
Thus AB = Ulaipgbirs€pegjrkg 

= UXCipqrt€pegjrks. 

(In 2 p, g, r, « = 1, 2 ... w ; in 11 i= 1, 2 ... n.) 
Which by definition proves the theorem. 

For the second part of the theorem we have 

Now the sum under the product sign 

= 2e,{a<;i-Bi + a^J5a+... + c^^J5n} (j=:l, 2 ...n), 
where Bp « ftpn^i^i + bpi^CiV^ + . . . + bp^eiVn 

+ bpxL^iVi + &paa€2^2 + . . . + bpzne^Vn 

+ ... 

and if we write 
the sum becomes 

B,Ai, + B^Ai^+...+BnAin. 

The product of this has to be taken for all values of i. It must 
always be taken so that in each term we have the product 
BiJ5a...£n; for if two J5*s are repeated the term vanishes. The 
value of this product is B. 

The remaining factors in the term are 

A.ipA.Qq ... A-nrt 

where p, g ... r is a permutation of 1, 2 ... n. This is an ordinary 
determinant of class 2. Comparing this with Art. 6, we. see that 
it is a term in the expansion of the cubic determinant J. as a sum 
of determinants of class 2. All these terms occur in our product. 
Thus 

C^A.B, 

17. The following theorem regarding the product of two 
determinants of any class can be proved by the preceding 
methods. 
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The product of two detenninants of classes p and q, whose 
elements are aij_i and 6i;..jfc respectively, can be represented either 
as a determinant of class jj 4- 5 — 1, whose elements are 

or as a determinant of class jo + g — 2, whose elements are 

Cj...iuv...t = Soy-...! biu,„8 (i = 1, 2 . . . n), 
all the determinants being of order n, 

18. It is not diflScult to see how the theorems with regard to 
determinants of the second class (i.e. ordinary determinants) can 
be extended to determinants of any other class. It is probable 
that determinants of higher class possess many properties peculiar 
to themselves, though as yet not many of these have been investi- 
gated. The complement of any element of a determinant is a deter- 
minant of the same class and next lower order. The extension of 
Laplace's theorem would shew how a determinant of class p and 
order n could be expanded in a series of products of pairs of deter- 
minants of class p and orders m and n — m. 

19. There is no diflBculty in writing down the expansions of 
determinants of any required class or order. The number of terms 
however increases very rapidly. 

The following are the expansions of determinants of the second 
order, and classes 3 and 4 respectively : 

2 ± (111) (222) = (111) (222)-(121)(212)4-(122)(211)-(112)(221) 
2 ± (1111) (2222) = (1111) (2222) - (1112) (2221) + (1212) (2121) 
- (1211) (2122) + (1122) (2211) - (1121) (2212) 
4- (1221) (2112) - (1222) (2111), 
while for the determinant of class 3 and order 3, 

2 ± (111) (222) (333) = (111) (222) (333) - (121) (212) (333) 

- (Ill) (232) (323) + (131) (212) (323) 
+ (121 ) (232) (313) - (131) (222) (313) 

- (112) (221) (333) + (122) (211) (333) 
-h (112) (231) (323) - (132) (21 1) (323) 

- (122) (231) (313) + (132) (221) (313) 

- (Ill) (223) (332) + (121) (213) (332) 
+ (111) (233) (322) - (131) (213) (322) 

- (121) (233) (312) + (131) (223) (312) 
+ (113) (221) (332) - (123) (211) (332) 
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- (113) (231) (322) + (133) (211) (322) 
+ (123) (231) (312) - (133) (221) (312) 
+ (112) (223) (331) - (122) (213) (331) 

- (112) (233) (321) 4- (132) (213) (321) 
+ (122) (233) (311) - (132) (223) (311) 

- (113) (222) (331) + (123) (212) (331) 
+ (1 13) (232) (321) - (133) (212) (321) 

- (123) (232) (311) + (133) (222) (311). 

20. We shall conclude this chapter with the following general 
theorems. 

A determinant of any class, all of whose elements are equal to 
a, except those in the leading diagonal which are equal to x, is 
equal to {a? + (n — 1) a} (a? — ay*^\ 

n being the order of the determinant. 

We shall prove this for a cubic determinant, but the method is 
perfectly general. 

i) = n(aei6i + aei€2+ ... 
-f ae2€i 4-a«a€a+ ... 
+ ... + a?ei€i-f ...) 
^ll{aEE' + {w-a)ei€i}, 
where. E-e^^-e^^- ... + Cn, ^' = €i + €a+ ... +€«. 

Hence, since E and E' are alternate numbers, any term in 
which they occur more than once vanishes. 

Hence D = (a; - a)** + a (a? - af-^ 2 [EEIiej^eu] 
(A;=l, 2...i-l, i+1 ...w); 
.-. D = (a? - a)*» 4- wa (a? — a)~-^ 
= {a? + (n - 1) a] {x — a)*»-^ ; 
for Eei ... ei^iBi^ ... en = e»«i ... ^i-i^i+i ... Cn 

= ( — 1^ 6162 ••• 6n*y 

and so E'e^ . . . €i_i€i+i ...€« = (- l)*~^€iej . . . €n. 

The last theorem of rv. 25 can also be extended to determi- 
nants of higher class. For a cubic determinant we may state it as 
follows : If all the elements in the ith stratum are equal to Of, with 
the exception of that which lies in the leading diagonal, whose 
value is Xi, then the value of the determinant is 

f+^arf{xr) 
with the notation given in iv. 25. 
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CHAPTER X. 

DETERMINANTS OF INFINITE ORDER. 

1. If in the symbol 0^ we suppose the suflSxes i, k to assume 
independently all positive and negative integral values, including 
zero, we obtain a doubly infinite system of elements, which may 
be arranged according to the scheme 



...a.-2,.3 ^—2,-1 fit— 2,0 0^—2,1 C^_2,2 • 

•••0^—1,-2 0^—1,-1 ^—1,0 0^—1,1 ^—1,2' 

•••^0,-2 ^,—1 ^0,0 <^0,1 ^0,2 < 

•••^,—2 ^,—1 ^1,0 (htl ^,2 ' 

•••^2,-2 ^,—1 ^2,0 ^,1 ^2,2 ' 



Thus if we take a pair of rectangular axes, and measure ordinates 
positively from left to right, and abscissae positively from above 
downwards, the position of anc will be at the point (i, k). 

2. Let p, q be positive integers, and suppose that 

p + q = m; 

then if i and k each range from —p to q the determinant jaifcl is 
of the mth order and its elements are in the same relative positions 
as in the infinite array above indicated. 

Let m increase indefinitely in such a way that p, q both be- 
come indefinitely large: then the ultimate behaviour of loal is 
analogous to that of an infinite series. It may become infinite ; 
it may be indeterminate ; it may converge. The case with which 
we shall deal almost exclusively is that in which the determinant 
converges to a definite limit, A, which is independent of the way 
in which p, q become infinite. We may then, for simplicity, 
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suppose that i, k each range from — n to 4-w, where n is an 
integer which ultimately increases without limit. Thus A is 
the limit of the sequence 

A,Qj A,i, -fl-i, ... A.fi, ... 

where -4o = Oo,© and 

An^\aik\ (t, A; = -n...+n). 

The element Oo.o may be called the central element, and 

the diagonal elements of the infinite determinant A, 

Any diagonal element may be taken as the central element; 
because if the notation is changed by writing 

where X is any fixed positive or negative integer, the sequence 
which in the new notation is Bq, Bi, B^, etc. is simply one of the 
sequences which may be chosen to specify A. 

3. If, in A, any two rows or columns at a finite distance firom 
the centre are interchanged, the value of the new determinant is 
— A, For if we take n so large that An includes both the lines 
which are interchanged, the sequence 

Afi, An+i, -a.n+2, ... 
becomes "--^m —-^n+u ~ An+2> •»• 

the limit of which is — -4.. 

In the same manner it can be proved that if two rows or 
columns are identical or proportional, -4=0; that if all the 
elements of a row or column are multiplied by k, the value of 
the new determinant is kA ; that columns and rows may be 
interchanged, keeping the diagonal elements in their places; 
and so on. 

4. The system of duads (i, k) may be associated with another 
system of duads (\, fi\ in which X, fi independently assume the 
positive integral values 1, 2, 3, etc. The simplest way of doing 
this is to put 

X = 2i if i is positive, 

= — 2i + 1 if i is zero or negative 
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and in like manner for /i with respect to k. This correspondence 
is reversible ; namely, if \ is even, the corresponding value of % 
is ^X, and if X is odd, i = - i(X - 1); with a similar rule for /a 
and k. 

If, now, we write Oik = 6a^, we can form a new array 

^11 ^12 fti8 • . • 

fta ^22 ^28 • • • 
^81 ^83 ^38 ••• 



and derive from this a sequence 

where 5» = l^nnl- This is convergent, and its limit is -4 ; in fact, 
B^n+i = ^n and B^ is a first minor of ^„ which converges to the 
same limit as An itself. 

Accordingly it is sufficient to consider infinite determinants 
associjated with an array of the second type indicated. It will 

be convenient to write 

|a««| = -4 

to express that A is the value of the infinite determinant which 
is the limit of |an»| when the positive integer n increases without 
limit. 

6. An infinite determinant is said to be normal if the product 
of the diagonal elements is absolutely convergent, and the sum of 
all the other elements is absolutely convergent. With the help 
of Kronecker's symbol Si*, these conditions are expressed by the 
single enunciation that the double sum 

00 00 

2 2 (oijb - Sit) 
1 1 

is absolutely convergent. 

Every normal determinant is convergent. 
To prove this, we write 

Gkfc — Sit = buet 

and denote the absolute value of 6a; by ySo;. Putting 

Pn=n {1+ 2/3^}, 
<=1 *=1 



Digiti 



zed by Google 



4-6] DETERMINANTS OF INFINITE ORDER 123 

the product P„ is absolutely convergent when n increases without 
limit, and _ _ 

Lt (Pn+p-P«) = 

nasoo 

for all positive integral values of p. 

If, now, An=^\ann\ 

and An^ is the analogous determinant with p more rows and 
columns, the diflference (An+p — An) can be expanded in terms 
of the quantities bit* Changing each term into its absolute 
value and prefixing the positive sign, we obtain part of the 
expansion of {Pn+p — Pn)- Consequently 

mod (An+p - An)< Pn+p - Pn> 

and its limit is zero when 7i= oo. It follows that \a^\ is con- 
vergent. 

6. In a normal determinant A let the element an be replaced 
by unity and all the other elements of the ith row and kth column 
by zero. The result is a normal determinant which may be denoted 
by Aijt and called a first minor of A, If we put 

(-1)*+Mit = aa, 

we have 

*=« 

and A = chk^ik + (hk<^ + . . . = 2 dikOiik- 

1=1 

The truth of these formulsB is almost self-evident. Let us 
take the auxiliary determinant \ann\ where n>i; then 

l^nnl = aiittti + 0*2012 + ... + din^n* 

where otii, etc. are first minors. Hence 

k=co k=n _ *=oo 

2 OiiOit-lannH 2 aik{<^ik-dik)+ 2 OikOik^ 

Now let n increase indefinitely: then the first sum on the 
right vanishes because each factor (ait — ao;) becomes infinitesimal 

and 2 a{k converges; while the second sum vanishes because 
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the sequence aifc(A? = n4-l,n-f-2, ...) has an upper limit, and 
2 Uik ultimately vanishes. Therefore 

k-oo 

2 aikOik^ Lt |ann| = -4; 

kssi n»oo 

and the other formula may be proved in a similar manner. 

7. The notion of a minor of a normal determinant may be 
extended as follows. Let 

Pu P2, "- Pr 

?i, g'2> ... ?r 
be any two sets of positive integers, those in each set being all 
different. In the pith row and jith column of the normal deter- 
minant |a««| replace the element ap^q^ by unity and every other 
element by zero. After doing this for the values 1, 2, ... r of t 
the original determinant has been transformed into another, 
likewise normal, which we shall denote by 






This is an rth minor of \a^\ and is complementary to the finite 
minor 

l«P,^l (i.j = 1.2,...r). 

If in the determinant \a^\ we simply omit the rows and 
columns specified by pi-.-Pr and qi..,qr respectively the new 
determinant is the minor above defined multiplied by the factor 
(- ly, where /a = 2 (pi + ji). 

If/, gr, ...Z is a permutation of 1, 2, ...r containing X in- 
versions 

(Pf Pg -Pi] ^ / i)K (Pi i>2 ...pA 

8. From the first two rows of a normal determinant \a^\ we 
can derive an aggregate of determinants ajje defined by 

dih dik 
where A, k are any two positive integers such that h<h These 



Digiti 



zed by Google 



6-8] DETERMINANTS OF INFINITE ORDER 125 

finite minors of the second order may be arranged as follows in a 
linear progression : 

«12 ^li Cm «28 ^15 *M ^W* 

the rule being that a^ precedes ai„i if A 4- A: < Z + m, or if A + A? = Z + m 
and h<l. With this notation 

|a«.|=2aA*(j[' ^) (A,A: = 1,2,3,...), 

the terms on the right being arranged according to the rule just 
explained. 

To prove this we take the expansion 

lOnnl = tOrtArt (r, « = 1, 2, ...u) 

where Si = Sa^^AA (A + A; < n + 1), 

^2= \(lnn\ — Su 

and consider what happens when n increases indefinitely. Ulti- 
mately the tj^ical term of Si converges to 

a, 2\ 



«** 



{h',k)' 



and since all values of h, k are included for which A 4- A; < w + 1 
Si itself converges to 

a. 2^ 



^G;D 



(A, A: = 1,2,3,...) 



as above defined, provided that, before going to the limit, the 
terms of Si are properly arranged. 

The limit of S^ is zero, because if we write it 

the absolute values of the quantities Aim have an upper limit, 
and Sa^m ultimately vanishes. Finally, \ann\ converges to A, the 
value of |a««|. 



In a similar way, by selecting minors from the first two 
columns of -4, we obtain the expansion 

dhi CLh2 1 fh, k\ 



|a««i! = 2 



u, 2;- 
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9. In a similar way it may be proved that if pj, pa, ...p^ is 
any fixed selection of r diflferent whole numbers, arranged in 
ascending order, 

' ' 9 wi, ?2, ... qrl 

where on the right hand a^pq) denotes the finite minor 

«(M) = |ap,(?J (t,j = l,2,...r), 

and gi, ^2, ...Jr is any selection of r diflferent whole numbers 
arranged in ascending order. It must be borne in mind that 
A is normal, and that the sets (ji, g2> ... ?r) must be arranged in 
linear order by a suitable rule. The summation includes all the 
selections ji, q^, ... q^ 

There is a corresponding expansion with ?!, }2>«-«?r a fixed 
selection, and Pi, jp2, ... i?r a variable selection. 

10. The product of two normal determinants -4, B may be 
expressed as a normal determinant by a method precisely analogous 
to that used for finite determinants. Thus, if 

A = \aJ\y 5=|6^|, 0=|c^|, 
where 

Cifc = a£i6ibi + ai2ite+ ... = 2ac«6to («= 1, 2,3, ...), 

8 

then is a normal determinant and its value is AB, 
To prove that C is normal, write 

then c'ik = a'ik + ^'ifc + ^o-'is^ks, 

8 

and therefore 

2|c'ifc|^2|a'^*| + S|6'^tl + 2|a'i,6'*,| (i,A:,a = l,2,3, ...). 

Hence, -4, B being normal, 2|c'ii;| is convergent, and therefore G 
is normal. 

Again, AB= Lt |ann| |6«n| = Lt |7nn|, 

where 

7ifc = «ii^ifci + at2&*2 + ... + ainhj^ (i A; = 1, 2, 3, ... n), 

and it can be proved that Lt |7„n| == C, 
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To do this, write 

= 2aft6tt (^ = 71+ 1, n4-2, ...), 

t 

then |Cnn|=|7nn + ^nn| 

= |7nn| + rnCu + r^Cy^ + ... + r^nGvn> 

where Cu, C^, ... Om are first minors of |cnn|. Now these first 
minors are all finite determinants, and a positive quantity R 
can be assigned which is greater than the greatest of their 
absolute values. Consequently, if pa denotes the absolute value 

of Tik, 

mod \\Cnn\ - |7nn| } < -B (^u + ^u + ... + pin)y 

which ultimately vanishes when n = oo . Therefore 

Lt |Cn«|= Lt |7«„|=Lt|ann||6»n| = ^5, 
n=oo n=« 

which proves the theorem. 

As in the case of finite determinants the product AB may be 
constructed in four diflferent ways (v. 4). 

11. There is a class of infinite determinants, which we shall 
call semi-normal^ defined as follows. Let 

be a series of quantities such that 

1 Vr 

is absolutely convergent. Suppose also that 

A^\aJ[, 5 = 16^1, 

where &« = — c^. 

Then if -4 is normal, B is also normal : but it may happen 
that B is normal when A is not. In this case A is said to be 
semi-normal, and the system (a?^, y^) may be called a reducent of A. 
Clearly if one reducent exists, there will be any number of them. 

• Since |6nn| = -Pn|ann|, 

where Pn is the product of the first n factors of P«, and since 



Digiti 



zed by Google 



128 THEORY OF DETERMINANTS [CHAP. X. 

when n is infinite \bnn\ and Pn converge to the limits B and P„ it 
follows that A is convergent, and that 

12. Under certain conditions the product of two semi-normals 
may be expressed as a semi-normal. 

Let il==|a^|, B==\b^\ 

be two semi-normals with the respective reducents 
Oi a?a x^ ... (Zi Z2 -^j ... 

Vi Vi Vz ... K ^ ^ ... 



p« = n-'- 



then if the product 

P.= 

1 Ur 

is absolutely convergent, 

AB^C=\cJ\, 
where ca = Sai^few; {h = 1, 2, 3, . . .), 

and (7 is a semi-normal determinant of which 

)a?i X2 a?8 ... 
ih u^ u^ ... 
is a reducent. 

To prove this, let us write 

OS' Z' * 

Vk uu 1 

then ca«Sf^«^^*y3;^ = j2f^«i.y3^, 

Xi Zk Xi ZjJ" 

and therefore mod c^^ fi mod ( — 70; ) > 

where /a is the upper limit of the quantities mod (yhl^h)' This 
upper limit exists, and is finite, because 

I Zk Xk, Uh Zk 

all the products on the right-hand being absolutely convergent. 
Thus the series ca is absolutely convergent. 

Again if we put 
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where So;, as usual, is Kronecker's symbol, 

^i^i \ h y% zk J 

and heuce the product Ilcii is absolutely convergent, and so also 
IS 11 — di. 

Finally the series 

is absolutely convergent, because Xoih^hk is so and ykl^h lias a 
finite upper limit. The theorem stated has therefore been 
proved. 

In the same way it can be shewn that if Hxj^zj^, is absolutely 
convergent 

where \d^\ is a semi-normal with elements defined by 

h 

and a reducent 

Moreover, in these enunciations, x and y can be interchanged, and 
also z and u. 



8. D. 
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CHAPTER XI. 

APPLICATIONS TO THE THEORY OF EQUATIONS AND 
OF ELIMINATION. 

1. The solution of a system of linear equations has already 
been partially considered (p. 26) ; we shall now proceed to discuss 
the general problem. Let us take the m homogeneous equations 

a^iXi + a^x^ + . . . 4- a^Xn = 1 



the question is to find all the values of the unknown quantities Xi 
which satisfy these relations. 

The nature of the solution is essentially connected with the 
matrix {ami), which we shall denote by A, It follows from the 
partial investigation above referred to that if w = m+l and A is 
of rank m, the ratios of a?i, a?2, ... ^n are determinate : in fact 

Xi \ X2 I • • • I Xfi = ^ 1 1^2* ...••^n> 

where 4i, A^, ...An are determinants of the ?ith order derived 
from A by suppressing one column. If, however, the rank of A 
is less than m, the determinants Ai all vanish, and the values of 
Xi : X2: ... : Xn apparently become indeterminate : the process of 
p. 26 is in fact illegitimate, because the derived system is not 
equivalent to the given one. We shall see presently that if r is 
the rank of Ay and m<n, the complete solution will involve n — r 
independent parameters, while if m^n, the only solution is 
a?! = a?2 = . . • = ^n = unless r < w, in which case there is a solution 
involving n-^r parameters. 
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2. Suppose, in the first place, that m^n, and that |ann| is 
not zero. Let the reciprocal of \ann\ be \ann\, and write 

Ui = Saifc^:*, (k = 1, 2, ... w). 

Then we have identically 

X'XikUi = SdigOijfca:, = |an»| «:»•, 

k %,k 

and hence la^nl a:< = 0, 

or, since |a„n| does not vanish, 

•i/j ^^ fl/Q ^^ • • • ^~ ^n ^^ ^* 

This, then, is the only solution when |a„n| is diflferent from 
zero. 

Conversely if the equations Ui = can be satisfied by values 
of a?i, a?2, ... a?„ which are not all zero, the determinant \ann\ must 
vanish. This determinant is called the resultant (or eliminant) 
of the n equations t^i = : or again the determinant of the n linear 
forms Ui, 

3. Next suppose that m < n. Without loss of generality we 
may assume that |arr| does not vanish : let this determinant be 
called Ar and let its reciprocal be |arr|. Then as in last article 

auy^ + <hi^hi+ '"+^Ur=ArXi+ 2 Ci,,a?„ (i=: 1, 2, ... r), 

where C^,, is a minor of A of order r, which may or may not 
vanish. Hence instead of the system i^ = i^ = . . . = i^^ = we have 
the derived system 

n 

ArCOi = — 2 CifXg, (i =1, 2, ... r), 

r+l 

which is equivalent to it because |atr| = -4r*^S which is diflferent 
from zero. 

Hence we obtain x^, x^, ... XrOS definite linear functions of the 
(n — r) quantities Xr+i, Xr+2» ...^n- i^ ^^ay of course happen that 
some, or even all, of the coeflScients Cig vanish. In any case, we 
have found a complete solution of 

t^ = 0, 1*2 = 0, ... t^r = 0, 
with (n — r) independent parameters Xr+u ... Xn- Now let Ar+i 

9—2 
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be the vanishing determinant ia^+i.r+il and j/9r+i,r+i| its reciprocal 
in which ^r+i,r+i = ^n a quantity diflferent from zero. Then we 
have an identity 

because if the expression on the left is arranged as a linear 
function of a?i, a^a, ... x^ every coeflScient vanishes as being a minor 
of A which is of order (r + 1). Hence every solution of the system 
t^=i^ = ...=st^ = will also satisfy w^+i = : and in the same way 
it will satisfy w, = for 5 = r + 2, r + 3, ... m. Thus we have 
actually obtained the most general solution of the given system 
of m equations in a form which leaves (n — r) of the unknown 
quantities arbitrary. It may happen that some one or more of 
the quantities a?i, ... a:^ is definitely zero. For instance, the 
solution of 

a? H- y — 2<2: = 0, 
2a? + y - 2-3^ = 0, 

is a: = 0, y = 2\, ^ = \, with X arbitrary. 

4. Next let 'm>n, so that the given system is redundant. 
Then if r = ;i the only solution is Xi = 0, because without loss of 
generality we may suppose that \(inn\ is diflFerent from zero, and 
then the first n equations give a?^ = 0. If r < w, we may suppose 
that \arr\ is not zero, and proceed as in last article : we thus again 
find a general solution in which (n — r) of the unknown quantities 
remain arbitrary. 

6. Having given m linear homogeneous functions Ui oi n 
independent variables a?i, a?2, ... x^, it is important to know how 
many independent identities exist of the form 

Z (l*) = Xi 1^ + \a Ma + . . . + \rnn^ = 0, 

with constant coefficients Xf. 

Equating to zero the coefficients of a^i, a^,, ... a;„ on the left hand 
we have 

OiiXi H-OaiXa + ... +a„»iX^ =0, 
CImXi + ttaaXa + . . . + C^^X^ = 0, 



Oin^ + a2n^2 + ... + O^T^Kn, = 0. 
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This is a system with the matrix (o^n)'* the rank of which is the 
same as that of (amn)* Consequently if r is not less than the 
smaller of the numbers m, n, the system will have only a zero 
solution and the forms Ui will be independent : while if r is below 
this limit there will be (m — r) linear relations Zi(u) = from 
which all others can be derived in the form 

SOiZi (u) = 0, {% = 1, 2, . . . m^), 

with arbitrary coeflScients (7,-. 

6. A non-homogeneous system 

Ui 4- Ci = 0, (i = 1, 2, ... m), 

where ci is a constant, may be reduced to a homogeneous one by 
putting 

^*=i^. (A: = l,2,... n); 

it should be noticed that for particular values of the arbitrary 
parameters contained in the solution Xi may become infinite or 
indeterminate. 

7. Suppose that we have two sets of variables x^, x^, ... «« 
and yi, ya, ... j/n connected by the relations 

yi = l.aikXky (t, A; = 1, 2, . . . n\ 

k 

the coeflScients a^ being constant, and |a„n| diflferent from zero. 
From these equations we can deduce an equivalent set 

k 

If we substitute in the first set of equations the value of Xi given 
by the second set we obtain n linear equations in yi, y^.^-yn 
which must be identities, if, as we suppose, the variables 

Xi, os^y ... Xn 

are independent. Hence 

^Ctik^kj = ^ij» 
k 

and in the same way by substituting from the first set of equations * 
in the second 
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Consequently 

Kn) i^nn) = {o^nn) {dnn) = [1], | ann | | ^nn | = L 

If we denote the matrix (a„„) by A, and write E for the 
matrix [1], then the matrix (a„„) is conveniently denoted by A"^ : 
thus 

AA-^ = A-^A=E. 

This notation is consistent with the ordinary laws of indices ; and 
we may express the relation between the sets (iCi, x^, ... a?„) and 
(yi» ^91 ••• Vn) in either of the symbolical forms 

These relations constitute what is called a linear substitution ; 
thus in analytical geometry when we change from one set of co- 
ordinates to another of the same type, this is eflfected by means of 
a linear transformation. 

8. If there are three sets of n variables {x), (y), (z) such that 

(y)^A(x\ {z) = B(yl 

then it is found by direct elimination of yi, y^, ... yn that 

(z) = BA (x), X = (BAy (z) ^A-'B-' (z), 

the products BA, A^^B'^ being defined as in v. 2 (p. 50). This 
theorem may obviously be generalised. 

Let u (x) be the linear form defined by 

u (x) = ^^k^k, (A: = 1, 2, . . . n), 

then by the substitution (x) = A (y) this is converted into 

v(y)^Xvkyk, 

where Vk = f lOufc + f jOh* + . . . + ^nCink, 

so that {v) = A'{^l 

where A' is the conjugate of A (p. 49). 

Thus the simultaneous substitutions (x) = A (y), (17) = A' (f ) 
transform ^^iXi into Xviy%' The variables fi are said to be 
contragredient to the variables Xi. Variables transformed by the 
same substitution are said to be cogredient. 
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9. Let there be n linear forms Ui (x) defined by 

k 

and let them be transformed into linear forms Vi (y) by the sub- 
stitution x= A (y). Then 

Vi(y) = lqikyk, 

where qu^ = Xpirdrk, 

r 
t 

and consequently IjnnI = li>nn| • Kn|. 

Thus the determinant of the system of forms reproduces itself 
multiplied by |ann|, which is called the modulus of the trans- 
formation. This is what might have been expected: for if 
|2>nn| = the quantities Ui(x) are not independent: and when 
this is so, the quantities Vi {y) are not independent either, so that 

i?nn| = 0. 

Given any system of forms Fi{a)i, a?,, ... Xn) the substitution 
(x) = A{y) converts them into forms Oiiyn y2> ••• ^n)- If a 
function of the new coefficients is identically equal to the same 
function of the old coefficients multiplied by a power of the 
modulus of transformation, we have what is called an invariant 
of the system of forms. It has been proved, then, that the 
eliminant of a system of n linear forms in n variables is an 
invariant. 

It follows from Arts. 1 — 5 of this chapter, as well as from 
VII. 8, 9, that the rank of \qnn\ is the same as that of \pnn\' 

10. In Art. 2 we have the first example of the process of 
elimination ; namely, we have found a condition, independent of the 
variables, which must hold if a certain given number of equations 
are to exist between these variables. When r homogeneous equa- 
tions hold between r variable quantities, (or what is the same 
thing, r non-homogeneous equations between r — 1 quantities), it 
is always possible to establish an equation JB = between the co- 
efficients of these equations alone. Then R is called the resultant 
or eliminant of the system of equations. 
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When the equations are two in number the most direct process 
is Sylvester's dialytic method. Let the two equations be 

O-ao + OiX-^a^a^-^ ... +awA*» \ . . 

= 6o + M + fc3^ + ... + 6naJ" J 

If we multiply the first equation by 1, a?, /c* ... a?**"^ we get n — 1 new 
equations, and from the second by multiplying by 1, x, a^ ,.. a?"*~^ 
we get m — 1 new equations, viz. we have now the system 

= a© + di^ + aa^c* + . . . 
0= aoar»+... 



= 


bt + bix + bta? + ... 


= 


6„a!+6ia^+ ... 


= 




6,<r'+... 



of m + n equations satisfied by the same values of a; as the given 

equations (1) and linear and homogeneous in the m + n quantities 

1, X, oc^ ... ic"*+«-i. 

Hence, by Art. 3, the determinant of the system must 
vanish, or 



.« = 



do, (h 

a© 



bo, bi 



= 0, 



the determinant being of order m + n. Since there are n rows of 
a% and m of 6's, the resultant is of order n in the coefficients of 
the first equation, and of order m in the coefficients of the second. 

11. If the coefficients am, dm-i, am--2-- K, &n-i, &»-2«- are 
functions of y and z of degrees 0, 1, 2 ... , it can be proved that 
the resultant is of order mn in y and z. This will be the case if 
every term in R has the sum of the complements of the suffixes 
equal to mn. 
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If we change y and z into yt and zt respectively, the value of 
R is now 

Observe that the separate elements and therefore each term of iJ' 
is multiplied by a power of t equal to the complement of the suffix. 

Now, multiply the first n rows by 

t^\ V^ ... f, 1, 
and the last m by 

Then R is multiplied by a power of t, whose exponent is 

m (m — 1) n (n — 1) 
2 "^ 2 • 

But now the first column of R divides by ^w^+w^i, the second by 
^■*'**^, and so on. Thus JB' -r- -B is equal to a power of t whose 
exponent is 

(m + n)(m + n— 1) m(m — 1) n(n — 1) 
2 2 2 ' 



smn. 



Thus every term in R must divide by f"***, which proves the 
theorem. Functions, such that the sum of the suffixes, or of their 
complemcDts, of the elements in each term is constant, are some- 
times called isobaric, and the constant sum is called the weight. 

12. We may consider the question in another way. 

If ^(a;) = 6o + 6ia? + 62a?«+...+6n^" 

= 6n(^-A)(^-/9a)...(a;-/9n) (1) 

is an equation whose roots are /3i, ySg ... )8„, the function 

/(j;) = t^ = ao + aia? + a2^ + ...+a^a;*'* (2) 

has n values corresponding to the different values of oc given by (1). 
These n values are the roots of an equation of the nth degree, 
which, we now proceed to find. Multiply the equations (1) and (2) 
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by the same powers of x as in Art. 9, and we have the m + n 
equations 

= Oo — w -f (h^ + (h^ + • • • 

0= (tto — tt)aj'+... 



0= 



Eliminating between these the quantities 



we get 



aj^"*-""^ ... a?, 1, 

tto — W, Oi 



6o, 6l, ^2 



= 0, 



an equation of the wth degree to find w, the roots of which are 

/(ySi). /(/3,)..../(i8„). 

The product of the roots being equal to the constant term, 

(- l)»6:/(y9,)/(A) .../(/8„) = (- l)»iJ, 

where R has the meaning in Art. 10. Thus 

■B = i:/(A)/(/3,).../(i8„). 

In the same way we may shew that 

i? = (- 1)™» (a- ) j, (aO ^ (a,) . . . ^ (a„) 

if a^ . . . Om are the roots of (2). 

This result shews that the value of li obtained in Art. 10 
does not involve any irrelevant factor ; for clearly 

<l>(ai)<l>(a^)...<l>(am) 

is the simplest rational symmetric function of both sets of roots 
which vanishes when the equations have a root in common. 
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13. If the two functions ^ and / of the preceding article are 
a function and its differential coefficient, then R is called the dis- 
criminant of the function, and its vanishing is the condition that 
the function should have equal roots. If 

= an(a? - ai) (a? - Og) ... (a?- a„) 
/' (a?) = Oi + 203^? + . . . + nanO!'^-^, 
iJ = arT(aO/'(«.).../'(a„) 




having n rows of the first, and ri — 1 of the second kind. 

If we multiply the last row by n, and subtract it from the nth, 
this becomes 

0...0, -nao, -(n-l)ai, ... -a„-i, 0. 

Thus the determinant reduces into the product of an by a 
determinant of order 2n — 2, which we shall call A. 

Also /' (ai) = an (ai - Oa) (ai - a,) . . . (a^ - On) 

/'(Ofa) = (flra-ai) ttn (Oa - «,)... (oTa - On) 

/'(an) = K-ai)(an-a2)(an-a8)... ««*, 

/./'(ai)/'(a2).../'(an) = (-l)'^'a:rK«2...an) 

where 5'(oti ••• «n) means the product of the squares of the differ- 
ences of all the roots. Thus 

A = (-l)'^ar^?K a,,.. On). 

14. The artifice used in eliminating x between two equations 
may sometimes be employed for the case of more equations than 
two, as in the following examples due to Cayley. 

Let a? + y + ^ = 0, x^ = a, y^ = b, z^=^c; 
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multiply the first equation by 1, yz, zx^ xy, and reduce by means 
of the other three, then we get 

x + y + 2r = 

xyz + cy-^ bz=^0 

xyz -{-ex + ae^ = 

xyz -{-bx + ay =0, 

whence, eliminating xyz, x, y, z, we get 

., 1, 1, 1 =0. 
1, .. c, b 
1, c, ., a 
1, 6, a, . I 

Or if we multiply the equation by a?, y, z, xyz, and eliminate 
1, yz, zx, xy, we get 

., a, b, c =0. 

a, ., 1, 1 

b, 1, ., 1 

c, 1, 1, . 
Again, if we are given the equations 

a?H-y + £r = 0, a^ = a, y' = 6, ^ = c, 
if we multiply the first equation by 

X, y, z, fss", ss'a?, a^\ a^yz, fzx, s^xy, 
and reduce by the last three we can eliminate 

^, f, z\ y^j zx, xy, xy^2^, ya^a?, za^ 
between the resulting equations, giving 

= 0. 



1, ., ., ., 1, ] 
., 1, .. 1, ., j 
., .. 1. 1, 1, 

., c, b, ., ., . 
c, ., o, ., ., 

h, a, ., ., ., 


I. ., ., 
I, •, •. 

. 1, ., 


1 


' ., ., ., a, ., 
., ., ., .. b. 


, ., 1, 
.. 1, ., 
c. 1, 1, 


I 

I 



Other forms of the resultant can also be obtained. 
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15. The resultant of two equations has been obtained in a 
compact form by B^zout. Let the equations be 

(f) = boof + bjx"^^ + ... + 6„ = 0, 
and suppose m^n. 

Write 

and form the combinations 

=^^Cr,af'\ (5 = 1, 2,3,... m), 

for r = 0, 1, 2 ... (n — 1). If /= and ^ = have a common root 
the m equations 

can be simultaneously satisfied, and hence eliminating 



1, X, a^, ... x"^-^ 



dialytically 




= 0. 



It is easily seen that the expression on the left is of the 
proper dimensions in the coeflBcients of / and ^, and that it 
does not vanish identically : hence it is the resultant, free from 
extraneous factors. 

As an example, let m = 3, w = 2 : then the resultant is 
60, 61, bi 
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When m = w, the determinant is symmetrical, and each of its 
elements is exprcRsible as a sum of quantities of the type 

(aibj - ajbi). 
If in this symmetrical determinant of order m, we put 

K+i = K+i = ... = im = 0, 
the resulting expression is the product of a^'" by the resultant 
of /and <l> as they are given at the beginning of this article. 

16. We shall now prove that if B^zout*8 determinant is of 
rank r, the polynomials /, <f> have a highest common factor H of 
degree (m — r). For the sake of a uniform notation, let 

i^i = XpikiX!^-\ (A: = 1, 2, ... m), 
so that the resultant is 

Let Xi, X2, ... ^ l>e constants, t amy whole number not greater 
than m : then if we write 

the conditions 

Gm-i = Ofn-2 = . . . = (4i_« = 

form a deficient system of linear equations in Xj, Xa* •-. \n- This 
system always has a solution in which the quantities \i are not 
all zero (Art. 3). For such values the degree of ^ is less than 
m — t Now "^ can be expressed in the form Af— Bif> where A, B 
are polynomials, so that "^ is divisible by H. The degree of H 
cannot exceed m : let it be m — fi. Then by putting ^ = /i, we infer 
that from the equations 

the other equations O^ = Oj = ... = Gm^^^i = necessarily follow : 
in other words the system 

(7o = Ci = . . . = Cw-i = 
does not contain more than ^ independent equations. But the 
actual number of independent relations is precisely r: consequently 

and the degree of H cannot exceed m — r. 
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The general values (Xj, \a, ... X^) which make "^ identically 
zero can be expressed as linear homogeneous functions of (m — r) 
arbitrary parameters. Now in the identity ^=Af—B<l) the 
value of B is 

- (Xi + Xa^ + . . . + Xm-n«^"") 

- ^"^ (X^-n+i/o + X^_^,/, + . . . + X^/n-i) 

of which the degree is m — 1. Equating to zero the coefficients of 

we get a system of (m — r — 1) linear equations which determine 
the ratios of the (m — r) parameters : substituting these in A and 
B we get an identity 

in which the degree of R does not exceed r. Since 5'^ is 
divisible by/, it follows that/, ^ have a common divisor of degree 
not less than m — r. We have already seen that the degree of H 
cannot exceed m -r: therefore its degree is exactly m — r, as 
stated. In fact H ^fjF = <^/A'. 

A numerical example will illustrate the argument. Let 
/=a;*4-a^+2ar» + ^ + l, 
<^ = aj8^aj2 + a? + l: 
then 

ii= 1 1 1 1 I, 
0-1 0-1 
-1 -1 -1 -1 
0-1 0-1 

',|ri = </) = a:» + ^ + i» + l, '>|r8 = (a;«+j?)^-(a? + l)/=-ir»-^-a;-l, 
'>|r, = a?</)-/=-a^-l, i|r4 = (a;»+«2+2^)<^-(a;2+aJ+l)/=-aj»-l. 

The identity Xi-^j -f X^'y^^ 4- Xs^Itj + \^'y^4, = 
requires that Xj — Xj = 0, 

A«i — \a ~~ A.8 — A.4 = U, 

Xj — X2 — Xg — \4 = u, 
whence Xi, Xg, Xg, X4 = f, it, ^, — i^, 
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where t, u are arbitrary. This gives 

To reduce the degree of the polynomial which multiplies ^, 
we must put u^O: thus finally, 

(a^ + a: + l)</)-(a? + l)/=0 

identically, and H = <t>l{x + 1) = a?* + 1. 

17. The resultant of the quadric 

1^ = 011^?!^+ ... + 2aikXiXi-\- ... = (1), 

and of the n — 1 linear equations 

Vi = CiiXi + Ci2a?2+ ... + Cm^n = 



...(2) 



Vn—i — Cn^ijXi -f- Cn— 12X2 + . . . + Cn^mXn — 

can be readily expressed as a determinant. 

By Euler's theorem for homogeneous functions we can write 
the first equation in the form 

du du du ^ ^ /o\ 

^j:;:-^"^^!^ + ... + a?n,T- = 2u = o (3). 

axi (1X2 cLXfi 

Then if in equation (3) we do not consider the variables implicitly 
contained in the diflFerential coefficients, (1) and (2) being n 
equations between Xi.,.Xn, (3) must be capable of being put in 
the form 

\iVi+\2V2+ ...+\n-iVn-i^O (4). 

Equating coefficients in (3) and (4), 

^11^1 +012^72 + ... + (lin^n =\Cii + \2C21 + ... +Xw_iCn-ir 
(hiOPi -f-aaa^ + ... + a2n^n =^iCi2 +XaCj9 + ... +Xn-iC»-.i2 



«ni^i + an2^+-.- +Cinn^n = \(hn + 'KOm + ... +X,i_iC^i»^ 



(5). 



The equations (5) together with (2) form a system of 2n — 1 equa- 
tions between x^.x^.-.x^ Xi, X^.., \„_i ; hence their determinant 
must vanish. Thus 
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Ctni •.. Ctntii Oin ... Cf^—m 
Cii ... Cin 



Cn— u ••• Cn_in 



= 0, 



the blank space being filled with zeros. This result is due to 
Versluijs. an and a« mean the same thing, viz. half the coefiieient 
of XiXje in the quadric. 

18. The system of equations 

is solved by establishing the new linear equation 
a? - y = + \/26« - a\ 

Following up this idea Baur has solved the non-homogeneous 
system of an n-ary quadric and w — 1 linear equations between the 
variables ; viz. let the system be 

«ii^i'+ ••• + ^aikXiXj^-^ ... ^u (1), 

CiiXi 4- . . . + Cin^n "3^1 
C^Xi-¥.,.+C^Xn =2/2 



(2). 



Then we wish to establish a new linear equation 

Cnia?i+...+C„na?n = yn (3), 

so that if we determine the values o( Xi ,,. Xn in terms of yi ... y„ 
from (2) and (3), and substitute their values in (1), the result shall 
only contain y„ in the form yn*. We are to have then 

u=:yn'+lbityiyi (i, A: = l, 2 ... n- 1) (4). 

Now if C=lcifc| 

we have Cxi=^Giiyi + C^y^-\- ... +Gniyn (o). 

Hence, differentiating (4) partially with respect to y„, we get 



^ _du dxi du dx2 du dxn 

^"^ " dxi dyn dx^ dy^ '" dxn dyn ' 



S. D. 



10 
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^ = i: 



dxi' 

(hit Cij Cin 

Cja f C22 • • • Cftn 



(^n—n> C»— 12 ... Cfi^in 



Ui, 



^ 



Un 



.(6). 



Substituting for the differential coefficients their values we 
determine the form of the equation (3). We have still to determine 
the value of yn- To do this we introduce the n(ri— 1) quantities 



611 , 612 
621 , 622 



^m 



^n— 11 » ^nr-12 • • • ^n—itif 

1 



such that 
and hence 
where 
Thus 
A 



^n^hk + ^raOafc + ... + ^m^n* = Crk ] 



611 



61s 



^n 



^n— ii> ^«— 12 ••• ^n—in 
Xi, a?a ... Xn 



. . . Cm 



Cn— 11 ••• C«_in 



= Cy„ (7). 



Now from the product of (6) and (7) 
0V = ^ 



= A 




-On— 11, -Dn—Vi •.. -Ofi— in— 1> J/»i— i 



yi. ys 



yn-i 



(8), 
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+ ... 
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0, 


On, 


c« . 


..Cm 


c«, 


Oil, 


Ois . 


..OiH 


c«», 


Oni, 


an2 . 


..ann 



= -4-B«r. 



On the right-hand side of (8) all the quantities are known from 

(1) and (2). Thus Cyn is known; substitute its value in the left of 
(6) and we have the required equation (3), which with the equations 

(2) forms a s}rstem of n linear equations suflScient to determine 
the quantities o^i ... ^n* 



= 



(where aik=^a]ti) formed by taking X from each of the leading 
elements of a symmetrical determinant is of considerable im- 
portance in analysis. The following proof that its roots are real, 
when the quantities oq. are real, is due to Sylvester. If we denote 
the left-hand side of the equation by <l> (\) we have 



19. 


The equation 










Ou — X, 


Oia, ai3 . 


.. am 






««, 


Offl-X, Oas . 


"<hn 




am, 


Ofia, am . 


'^Onn 



^(-X) = 


Oii + X, ttia 


'Cbin 




da, Oaa + X.. 


•<hn 




ttm, Ctn2 


.ann + '^ 


and hence 






<f>(X),f>{-\)^ 


Cii-X«, C,2 


'C,n 


. 


j Cn, CjB-X».. 
1 ,, , 


.Can 




Cnif Cn2 


.Cnn-\' 



where 



Crs = ««««! + (Inasi + ... + CtmCian y 



10—2 
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the \ disappears, because a,., = a^. Hence, expanding the right- 
hand side by Art. 23 of Chap, iv., 

Now, by V. 9, Ci, G^... are all sums of squares, so that the co- 
efficient of each power of X is positive. Hence, if we equate the 
right-hand side of this last equation to zero, Des Cartes' rule shews 
that it cannot have a negative root. Thus X cannot be of the 
form ^ V— 1. In order to shew that it cannot have the form 
a + )8 V— 1 we have only to write Ou — a = (h\i &c., and the case 
is reduced to the preceding. 
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RATIONAL FUNCTIONAL DETERMINANTS. 

1. If we have a series of n quantities Xti/,z,..u,twe shall 
denote the product of all the in(n— 1) differences, obtained by 
subtracting from each number all that follow it, by 



So that 



^^(x,y,z..,u, 0' 



'•(X''y)(x-'z)...(x'-t) 

(y-^)...(y-0 



This function ^^ (x,y,z.,. u, t) is an alternating function of all 
the quantities x,y,z,.,t\ viz. on interchanging any two of these 
it changes its sign, but not its absolute magnitude. It is thus of 
the nature of a square root, having two values equal in absolute 
magnitude, but opposite in sign. This is conveniently indicated 
by the index ^, The product of the squares of the differences 
will be denoted by ^(x,y,z,.. u, t), and is a symmetrical function. 
This notation is Sylvester's. 



2. We have 



a^\ x"^ ...X, 1 



^-1 fn-2 



t. 1 



= ?*(^. y>^---0- 



For the determinant on the left vanishes if any two of the quanti- 
ties aOy y..,t become equal, because then two rows become identical. 
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Thus the determinant divides by the difference between each 
pair of the letters, being a rational function. Hence it contains 
f * (a?, y . . . <) as a factor. But the leading term in the determinant 
is a^^^i/**^ ..,u.l, which is also a term in ^^(x,,,t) with its 
proper sign. Thus the theorem follows. 

3. By a similar argument it may be proved that if a rational 
integral function of x...t changes sign when any two of the 
variables are interchanged, it is divisible by f*(a?...^). 

4. li fi{x) be a function of the tth degree in a?, the coefficient 
of whose highest term is unity, we have 



fn-^(tl fn^it) ...^t), 1 



= ?H^,y...O. 



For if we subtract the last column, multiplied by a proper number, 
from the last but one, the elements in this column become x,y,..t. 
Now multiply the last two columns by the proper numbers, and 
subtract their sum from the last column but two, the elements of 
that column now become a^, y^ ... t\ By proceeding in this way 
we reduce the determinant to that in Art. 2. 

If the coefficients of the highest powers of x are not unity, 
the determinant is equal to f* (a?, y ... t) multiplied by the product 
of the highest coefficients in the separate functions. 

For example, if 



t! 



Vn—ly yn-2 ■ 



(n-l)!(w-2)!...2!" 



«,, 1 

The denominator can also be written 

2«-».3^-«...(n-2)2.(n-l). 
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6. If 



/<(^) = aita?'*-' + aaia^-" + ...+a»i, 



we see by the theorem for multiplying two determinants (v. 4) 
that 



M^i\ /a(^i).../n(a?i) 
/i(^a)> /a(^a).../n(^ji) 

/i(^n),/8(^n).../n(a?n) 



(hn 



I Oni ... Ofin 



x^-\ X^ ... 1 



00n''-\ Xn""-^...! 



= 1 Ofinl ?*(iri, aJ,...a?n). 



(^n = 



1, (hi-y.\ c,(-yi)«...(-yx)«-^ 
1, cx (- y^), Ca (- y,y . . . (- ya)**-^ 



I 1, Cx(..yn), C,(-yn)'...(-ynr-^ 

where (7 is the product of all the binomial coeflScients of order 
n-1. 

For the elements in each column of the determinant are multi- 
plied by that power of — 1, which is introduced by moving the 
column from its place in f * to the place it occupies. 

Thus 

I (^ - yi)"^'. (a^i - y,)"^' ... (^1 - yn^-' 
I (^2 - yi)''""', (^ - ya)"-^' ... (ail - yn)''-^ 



I (^n-yi^""', {^n-y^y^' '"(^n-yn)'^ 

= Cf*(i»i, a?a ... i»n) ?*(yi» y« ••• yn). 

If Wi = y< this gives us f (a?! . . . a?n) in the form of a determinant. 

6. We may give other determinant forms to the product 
f* (xi, x^ ... Xn) ?* (yi, ya ... yn)' 



Thus 
?*(^, ^ ... «?n) ?* (yi, ya ... yn) = 



1 






y."-' - 1 



yn . . . i. 
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where, if we multiply by rows, 

Cfl. = xi^^ yj.*»-' H- iri'^yj.**-»+ ... + a?<yj. + 1 

^iyt-1 
Or if we multiply by columns 

If we put a?i = y^ and «< = a^* + iCg* + . . . + a^n* we get 



^(a?!, aj2...a;n)« 



*2n— 8 > *a»*— 4 • • • ^»-fl 

^»— 1> *t^— a ••• *o 
Sqj *i ... «,^_i 
Sly 5a . . . 5n 



an orthosymmetrical determinant. 

7. A more general theorem is the following. Consider the 
array 

a?i*^\ x^-^ ... a^, 1 



aJa"*~\ iBj" 



^2, 1 






where n is greater than m. By compounding it with its con- 
jugate, we get a determinant of the mth order which is equal 
to the sum of the squares of the 71^ determinants, obtained by 
taking any m different rows in the array. The determinant has 
for elements 



dk^X^^^X^ 


*-^ + . 


..+^n^^^n*-^ 


= 5i+i_^,. 




Hence, by aid of Art. 6, we get 




2{?(^|„a7g...)} = 


«0, 


8i ...Srn-i 




«1, 


Sa .,.Sm 




*lll-l> 


«m...«2m-a 



where ajp, a?, ... are any m of the n quantities a?!, x^ .,.Xn. 
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8. We have clearly by Art. 2 



«!», af*^^ 



...«i, 1 



= ?*(«!, a2...an)/(^) 



where f{x) = (a? — aO (a; — Oa) . . . (a; — On) 

By equating coeflScients of a?* on both sides we get 



L»+l 



02*^ Oa^^ 



' {*(«!... On) Pn-i, 



where pn-t is the sum of the products n — t at a time, without 
repetition, of the quantities «! ... On. 

9. We may write the first identity of the preceding article 
in the form 

Oa" ... an~, ^, 

an**"', af^\ 



At 



r'\ oa"-^ 



«1> «2 

1, 1 

0, 
and similarly 



tti"-', o,"-' 



1, 
0, 



X, 
1, 
0, 1 



.(-l)»5*(ai,a.-««)/(^). 






Oi, Oj ... a„, 0, y 
1, 1 ... 1. 0, 1 
0, ... 0, 1, 
Form the product of these two determinants by rows ; thus 

= - ? (fli, a. • • • ««)/(«') • /(y). 



= (-!)»+' ?*(«i-a»)/(y)- 



*2n> ^an-i • 


. «n, 


a;~ 


*2»-l> *2»-2 • 


.«»^-i, 


a?**-^ 


*n> ^n-i . 


. «o, 


1 


y« y^i . 


. 1, 
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from which by equating coefficients of the powers of x and y we 
get a number of theorems. 8r is now the sum of the rth powers of 
the roots of the equation f{x) = 0. 

10. We may extend the theorem of Art. 8 as follows : the 
value of the determinant 



a?r'*'^\ Xr""-^"^ ...Xr, 1 



•ai^ 



»+r— 1 



»n-»-r— 2 



«!. 1 



an^+^\ OLr;^'^^ 



On, 1 



which is of the form of that in Art. 2, may b^ expressed as the 
product of three factors. 

First the product of the differences of all pairs of the quantities 
x^,..Xr, i.e. ^^(xi...Xr\ which by Art. 2 can be expressed as a 
determinant. Secondly, the product of the differences of all pairs 
of the quantities ai . . . On, i.e. f * («!... «„). And, lastly, the product 
of all such quantities as 

/(a?f) = (a?i - tti) (a?i - Oa) . . . (a^i - On) 

= a?i« -_Pia7<»-' + ...+(- l)^-*;)n-t^i*+ • . • 
Hence its value is 

x^^-\ xr^,,.x,, 1 i ?*(«!... a„)/(^i).../(^r). 



i X/-^, X/-^ .,,Xry 1 



Multiplying the ith rowby/(a?i), and then equating coefficients 
of x^ , x^ . x^ . . . , we get the theorem : 

If i)u, «,«,... is the determinant of order n formed by suppressing 
the columns containing the ut\ vth, wth . . . powers in the array 

a„ 1 



^^n+r-i^ fX^-^r-i 



then 



■^u,v,w,„ — 



On^+^S fln**"^^^ . 



Pn-^u+r—ii Pn-^u+r—9 • 
Pn-v+r—it P»— u+r— a ■ 



' Pnr-M 
• Pn-v 



?*(«!, 02. ..On), 



where pi^ is the sum of the products A: at a time of Si . .. On. 
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If k is negative or greater than n, ^j. = 0, /)o = 1- 
11. Let us consider the determinant 
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2)= I - -, -1- ...-L_; 

iCi — a, ' a!i - ttj ■ ■ ■ a;, — a« I 



I 1 



052 — Oil OCq — OL2 ^~^ 



Multiplying the ith row by 

f{xi) = tt< = {xi - otx) (a?»- - Oa) . . . (a:^ - a,»), 
we get 

I ^i - a* ! 

The determinant on the right is an integral and alternating 
function both of the quantities Xi..,a;n and of ai...ati. Hence 
by Art. 3 it divides by 

?*(^i, ^2'... «^n) ?*(«!, a., ...On). 

Comparing the orders of the determinant and this product we 
see they are the same, hence the additional factor is numerical 
only. To determine it, put Xi, x^.-.Xn equal to «!, 03... On 
respectively ; then all the elements except those in the leading 
diagonal vanish, and 

Ui 



Xi—ai 



= (xi - aO (xi - fla) . . . {xi - ai_i) (xi - a^+i) ...(xi-On) 



= (- ly-' (ai - ofi) . . . (oi-i - Ci) {ai - Oi+i) . . . (oi - On) 
when Xi^oLiy 
thus the determinant reduces to 

n(n-l) 

(-1)/ ?(«!. aa...a„), 
which determines the factor. Hence 

jy ^ (-1) '' gH^i> ^2«»»^n) ?H«i »3 ^ .^Jtn) 
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12. If Dih is the complement of in the determinant 

D, then Dik is equal to the expression obtained by omitting Xi and 
at on the right, and multiplying by (— 1 )*"•"*. 

w(n-l ) 

where 

i;it;j . . . Vn-i = • • • • . • • • . 

^1 — «t ^2 — a* «i-i — «t ^i+i — a* «^n — a* 

Now if we write 

g{z) = {z-x;){z-x^).,.{z-Xn) 

f*(a:i ... a?i_ia?i+i ... a^n) ?*(«! ... at-iat+i ... On) 



fl^'(^i)/'(«*) 



NnlM 



a7f — at 

then -Pjfc^ / (^i)y(«t) 1 

, ^ /'(at) 5^' («?<)*«?< -at' 

13. The preceding article enables us to solve the system of 
equations 

Xi — aj a?i — ttg a?i — a» 



viz y(«ib) (/(^i) t^ ^ I /(^n) t^n ) 

/' («t) Xg' (^i) ^1 - «t 9' (^n) ^n - atj * 

In particular, suppose that t*i = «a= ••• =^n- Then since by 
the rule for resolving a rational fraction into partial fractions 

f{x) ^ {x - aQ (a? - Og) ... (a? - an) 
g{x) {x-x,){x-x^).,.{x-Xr,) 
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we see by putting a; = a^ in this, that 

g' (xi) a;^ - at '" fif' (a:„) ar„ - a* 
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Hence if m< = 1, 






14. If in the determinant D of Art. 11 we expand each term 
in a series as follows 



a* 



a*^ 



-^ — = - + — +...+ =^ + 
a?i — a^ Xi x^ a?i^^ 

we see that the term in the expansion of the determinant which 
multiplies (xj^+^ . x^^-^^ . . . Xn'-^^y^ is 



To expand the right-hand side of the identity, at the end 
of Art. 11, we have 

. 1^ 1 






Here fi^ is the sum of all the homogeneous powers and 
products of order .r, which can be formed from the quantities 
«!, aa ... an. 

Now 



a?i"""', a?i^"^ ...a?!, 1 
Xt^ , (A/a • . . ^2) "^ 



.a?„, 1 

Multiply the ith row of this determinant by the expansion of 
wr' ; the coefficient of (o^i^+i . x^^^"- . . . V^O"' is 

■"!>> -"j>— 1 ••• -"p+i— n 



Hgy Hg^j 



Hg 
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whence we get the final equation 



a/, ai^ 



Or?, Or?.,, On' 



n(n~l ) 

= (-1) ' 



■Hp. Hq 



H, 



H, 



p+i-n 



>s, 



q+i-n 



...H, 



8+1- n 



[chap. XII. 

?*(«!. ..On), 



with the convention that Ho = l, and Hr = when r is negative. 
16. As an example of Art. 14, 



a*, a, 1 


= - 


■ff*. fl^i, -£^0 




a», a, 1 


b*, b, 1 




^,. H„ 




6», 6, 1 


C, c, 1 




^„ 0, 




C, c, 1 



= - (a» + 6» + c« + 6c + ca + at) (6 - c) (c - a) (a - 6). 

We may make use of the results of Arts. 14 and 10 to evaluate 
determinants whose elements are sines and cosines. 

For example take 

X= 1, 1, 1, 1 

cos J., COS B, cos G, cos D 

sin -4, sin 5, sinC, sinD 

sin 3J., sin 35, sin SO, sin 3D 

Write for the sines and cosines their exponential values, and 
suppose €*^ = a, &c. Then, writing only the first column of the 
determinant, 



Z = - 



2» 



1 


1 


a* 
a* + a* 


a +a-^ 


^(abcdy 


a — a~' 




a* -a'' 


a' - a-* 




a'-l 



Add the second row to the third, divide by 2 and subtract the 
third row firom the second, thus 



Z = - 



4 (abcdf 



i o» 


a' 


a* 


a*-l 
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4(a6cd)»X = 


a» 


+ 


1 




a* 




o» 




a* 




a? 




a* 




a* 



where the first determinant 



^a^b'd'cP 



= a*b^d*(a - 6) (a - c) (a - d) (a + 6 + c + d) 
(6-c)(6-d) 
(c-d) 



by Art. 8. And the second, in like manner, is equal to 

(a - 6) (a — c) (a — d) (6cd + dcd + aid + ahc) 

(6^o)(6-d) 

(c-d). 
Hence 

(a~6)(a-c)(a-d)(6-c)(6~d)(c-d ) 
^ " 4a»6»c»d' ^ 

[a^h^d? {a'\-h^-c + d) + abed {ar^ + 6-^ + c"^ + d-^] 

Hence if 2/Sf = ^ + 5+ (7 + 2) 

X = -2».nsini(4-5)[cos(fif + 4) + co8(fif + 5) 

+ cos (iSf + C) + cos (fif -f 2))]. 

16. If we diflferentiate the determinant of Art. 11 with 
respect to Xi, the elements of the ith row become 

-1 -1 -1 



And thus 



(^i-fli)*' (^t-ai,)»'"(^t-an)'' 



(-1)- 



d^D 
dxidx^ ••• dxn 



{xi - aj^f 



= A 
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We shall now shew that 

/I 1 1 \ 



[chap. XII. 



B 
D 



Xi — OLi OOi —a2 a?i — On 

111 



■{ a?2 — «! ' a?2 — Ota ^a — On / 
1 1 1 



where f } means that the function on the right is to be formed 
like a determinant, only all the signs are positive instead of 
alternating. 

Multiply the ith row of B by u^, then 



Ui' 



^u,u,...u^yB^\^-^ 



.(1). 



The determinant on the right is an integral and alternating 
function, both oi x^, a^.,.Xn and of a^, Oj ... a», hence it divides by 

f*(a?i,a?a...a7n) ?*(«!••• On). 

If the quotient is<l>(xi,X2... Xn), this is symmetrical with regard 
to each of the variables, and of order n — 1. Thus 



B 
D 



= (-l) « 






Now, by repeated use of the rule for resolving a fraction into 
partial fractions, 

<l>(xi ...a?n) _^ <l>(ai ,.. Xn) 
/(^i) 7/'(aO(^i-«i)' 



and we get finally 



<^ (tt^, at . . » gp) 



/' (a*)/' («t) • • •/' («p) (^1 - «<) («^a -«*)••• (^n - Ctp) 



.(2). 
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Now, in the first place, in the combination i,k ...p, no repetition 
can occur, for in the product 

?H^i...^n) ?*(«!.. .On)' 

not only B, but also ^-^ ^ ^^ vauishes if Xi and X2 both coincide 
a^ — a?! 

with a^. Hence on the right of (2) we must write for i, k ...p all 

permutations of 1, 2 ... n. 

Now if we write Of, a^; ... Op for x^, x^,,.Xn respectively, only 
a single term of (t^ . . . Uf^^ B remains, viz. 

±[/'(«i)/'(«t).../'(«p)]'. 

while 

?K^> iPa ... a?n) = ?* (a<, a* ... Op) 

= ± ?*(«!, 02. ..On), 

the ambiguous sign being the same for both. Thus 
<^(a.,a*...a,)- f.(,^, «^ ... ^) 

= (-l)'^/'(a,)/'(a,).../'(ap). 
Thus 

^ = S— — i 

where i, A? ... p is to be a permutation of 1, 2 ... n. This proves 
the theorem as stated at the beginning. 

17. The coefficients in the expansion of the rational fraction 

1+61 a; + 62^ + ... 
1 + aiX + a^a^ + . . . ' 

in ascending powers of x can be represented as determinants. Viz. 
if the expansion is 

we have 
(l + 6i^ + 6aaj»+...) = (l-f P,a; + P2a:'+. ..)(! + aaa? + a, aj» +...), 
s. D. 11 
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and hence equating coefficients 




P: 


= 6,-ai 


Oi-Pi + -P. 


= 6,-0, 


a,P, + a.Pj + P, 


= 6,-0, 



a system of equations to find Pn^ The determinant of the system is 
unity. Hence if, after solving by iii. 7, we move the last column 
to the first place and change the sign of this column, 

Pn = (-1)" 



= (-!)» 



a,-6„ 1 






a, - 62, Oi, 


1 




Os - ^S, Og, 


1 


an-hn, Cln-i, 


ttn-a.. 


....tta 


1, 1, ., ., 


• 




^1, «1, 1, •, 


. 




62, Oa, Oi, 1, 


• 


* 


63, tts, ^2, Oi, 


1 





as we see by subtracting the first column from the second in the 
latter determinant. 
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CHAPTER XIII. 

ON JACOBIANS AND HESSIANS. 

1. If yi, y^.^-yn be n functions of the n independent vari- 
ables x^, x^ ...Xn, and if 

dxjc* 

then the determinant | ai^ | is called the Jacobian of the functions 
yi-'-Vn with respect to the variables a?i . . . aj^- The name was given 
by Sylvester after Jacobi, who first studied these functions. 



The notations 

d(yuy2'"yn). 



J(yi,y2"-yn) 



d (xi , a?2 . . . Xn) ' 

have been employed for Jacobians, each of which has its advan- 
tages. The first renders evident the remarkable analogy between 
Jacobians and ordinary differential coefficients. The second is 
useful when there is no doubt as to the independent variables. 

If the y's are explicit functions, the Jacobian is formed by 
direct differentiation. 

2. If the functions j/i . . . yn are not independent, but are 
connected by an equation 

the Jacobian vanishes. For if we differentiated this equation with 
respect to x^, we get 

d<l> dyi d^ dy^ . ^^ ^^^ « a 

d^,d^,^l^,d^,^'''^Wnd^r ' 

11—2 
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where & = 1, 2 ... n. Eliminating 

d<l> d<l> d<i> 
dyi' dyo/" dyn' 
from these equations we get (xi. 2) 

d(yi> y^-'-Vn) ^ Q 

3. If the functions y are fractions with the same denominator, 
so that 

Ui 



^dvi dui du 
dx]^ axjc dXk 



Thus 



,/2»+l 



d(yi...yn) ^ 

d{Xi ... fl?n) 



U, 



0, 
dui du 



^•"d^"-"^d^-"5^""'d^ 



dun du 

dxi ** dxi 



dui 

' dXn 
dUn 



du 



du 



^^, ^_..^^_...^,^-.^^_ 



Add the first column multiplied by ^ to the (i + l)st column. 



and we get 



v/ 



^^. d{y,...yn) ^ 

d {oCi ... Wn) 



du 

doOn 

dui 

dXn 
Un, U-j— ••• ^T~ 

dxi dxn 



du 

dAh 
dxi 

dUn 



"^' '^d^ 



whence dividing each of the last n columns by u 



d(yi...yn) ^ 1 






du du 
dxi '** dxn 
dui dui 
dxi dxn 

dUn dUn 

dxi dxn 
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4. The determinant on the right has been denoted by 
K{u, iti... Un). It has interesting properties of its own. For 
example, since the Jacobian vanishes if the quantities yi ... ^n are 
related by an equation, it follows that 

if a homogeneous relation exists between u,ii^,.. Un. 



If 
it is readily shewn that 






6. If the functions yi ... yn possess a common factor, so that 
d(yi...yn )^l 

d(Wi...Xn) U 



u. 



0, 







diii 



du 



dXi dXi '" dXn dXn 



dui 

' dXn 
dUn 



du 



du 



dun , du 



du 



In this determinant multiply the first column by ^ , and 
subtract it from the (i+ l)st column, then 



d(yi..>yn )_ 



= U'* 



u, - 



Uly 



du 
dxi 

dui 
dxi 



dXn 

du^ 

dXn 



Uny 



dUn 

dxi 



dUn 
dXn 



6. If the functions yi . . . y» are given only as implicit functions 
of Xi.,,Xn by means of the n equations 

-^i(yi-..yn, a!i...Xn) = 0,...Fn(yi...yny Xi...Xn) = 
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Fn) , d(F,...Fn) 



d(yi...yn) ^. 1)* ^^^^ 



d(x^...Xn) ^ d(xi...i€n) * d{y^.,.yn)* 

For if we differentiate the ith of the given equations with 
respect to a?* we get 

^dFidyn^_dFi 



dFj dyi ^ dFj dy^ ^ 
dyi dxk dy^ dxjc 



dFi 
dxjc 


_\dFi 
dyk 


dyi 
dxjc 



or 



dyn dxjt dxjc 
Thus by the rule for multiplying two determinants (v. 4) 

(-1)« 

d{F,.„Fn )^ d{F,..,Fn) d(y,...yn) 
d(Xi...Xn) d(yi...yn)'d(xi...Xn)* 

which proves the theorem. 

(i) If Fi does not contain a^ ... ^f_i, then in the determinant 
d{F,...Fn) 

d(Xi.,. Xn) 

all elements below the leading diagonal vanish, and it reduces to 

dF-i dF^ dFn 
dxi dx^ '" dxn * 

Fi = -yi+fi(x^.,.Xn\ 



(ii) If 
then 

and 



d(F,...Fn) _. ..^ 
d(y..,.yn)-^ '^' 

d(yi>^.yn) ^ d(f,...fn) 

d{x^...Xn) d{x^.,,Xny 



(iii) Suppose that from the given system we deduce by elimi- 
nation 

yi = <f>i{Xjy X2...Xn) 
3/2 = ^2(^1, ^2 ...a?n) 



Since 



d<f>i dyi d<f>i rfyi-i d^ _ dy^ 

dyi dxk '" dyi^i dxj^ dxj^ dx^' 
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we have 






#1 


d<\h d<j>i 


== 


1, 0, ... 


rf(yi.. 


^yn) 


dx,' 


dx^' da?8 




-%:■ '■ "■■■ 

d<f>t d4i 
dy,' dy,'^- 


d{x^. 


.a?n)' 


0, 
0, 


d<f>2 d^2 
dx^ ' dx^ '" 
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It follows then that 



N 



thus if 

we must have 

i.e. we must have 



d{xi ... Xn) dxi ' da?2 * ' * dx^ ' 

d {Xi . . . Xn) 

d(f>i d<f>2 d<f> n _ ^ 
(iz7i dajj '* dxn 

d(f>i 



dxi 



= 0, 



where i is some number between 1 and n. Hence ^^ does not 
contain xt. That is to say, we have 

y* = <Ai (yi • • • yt-i> ^*+i • • • ^~)- 
Now yt+i=<Ai+i(yi---yt» ^t+i..-«?n), 

and by eliminatiug Xi^i between these we obtain 

yi+i = -^t+i (yi . . . y^ ^i-n • • . «?n), 

so that y^+i does not contain Xi^i. Similarly we can shew that yi^ 
does not contain a^i+a, and so on ; finally yn is independent of Xn or 

yn = '^n(yi.-.y»v-i). 

So that if the Jacobian of yi . . . yn vanishes these functions are not 
independent. This is the converse of the theorem of Art. 2. 

7. If -2^1 . . . Zn are fu notions of yi . . . y^ , and these again functions 
of Xi...Xn', then 

d(2ri...2rn) ^ d(2ri...2rn) d( yi...y n) 

d(xi...Xn) d(yi...yn)'d(xi...Xn)' 
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For since 



we have 



dzi ^dzi dy^ ^dzi dy^ ^ dzj dyn 

dxi dyi dxi dy^ dx^ ' ' ' dyn daojt 



dzi 
dxu 



dzi 
dyk 



dyi 
dxu 



which proves the theorem. 

In like manner, if -e^i ... £r„» are given as functions of yi ... yn, 
and these given as functions of Xi,.. oom ; then 



d (a?i . . . Xm) 



= 0, if m > n. 



But i{ m<n 



d(£i'"^m) ^K d{zi. z^...Zr^) djyty yn, yv") 
d{xi...Xm) d(ytyyuyyv'")' d(x^, X2...x„,) ' 
where for ^, w, t; ... we take all m-ads in n (v. 3). 

8. If /i.../n are independent functions of Xi...Xn, then 
Xi ... Xn are independent functions of /i .../n, and we have 
d(fi...fn) d(Xi...Xn) ^^ 
d{x^...Xn)'d{fi...fn) 

For diflferentiating/i with respect to/* we must consider ^i ... a^n to 
be functions of /i . . . /». Thus 

dfi dxi df^ dx^ , ^ dxn 

dxi d/jb dxq dfk * dxn dfjg 

is equal to unity or zero, according as & is or is not equal to i. Hence 



dxj^ 



dxi 
dfk 



= 1. 



For in the product only the elements in the leading diagonal do not 
vanish, and these are all equal to unity. 



9. If 



A=> 



dA 

dxk 



axk/^ . 



X' B = 



dxi 

df. 



and Aik, Bit are the comjrfements of -%- and -r^ , in these two deter- 
minants, we have 
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^ d(/i.»./m) _ d(Xm^i... W n) 
d(Xi...Xm) d{/rn^i...fn)' 

For we have just seen that 

dj^dxj^^dx^^ dfi cLvn^Q 

dx^dfjc dx^ dfk '" dxn dfk 

dfk dx^ ^dfk dx^ d/* ^ == 1 

dx^dfu dx^dfk '" dxn dfk 

<^dxi*dfndx^ , <^ dxn _ Q 

dx^ dfk dx^ dfk '" dxn dfj, 

Multiply these equations by Aii^ A<^ ,,. A^i respectively and add, 
then (IV. 11) 

dxi 



dfk 



Similarly we can shew that 



*g-*«- 



Again we have (vi. 5) 

An ... Aim 



diXm^i ..,Xn)' 



Ami ••• Anvn 

Substitute in the left for A^ the value just found; thus 

j^m d(Xi...Xm) ^ ^^^1 d{ fm+i'"fn) 
^(/i "fm) d(Xm+i ... Xn)* 

which on dividing by A^^^ gives the result required. 
The last equation is proved in a similar way. 

10. If we suppose the functions /i .../» to depend on ty we 
have (IV. 16) 



dt ^ dtdxk 



(i, i=l, 2...W), 
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and 








" dt " \dtdx, dfi ' dtdx^ dfi ^ ' 


■•) 




dfi \dt, 




or 


d , . _ d [dfi\ 





A similar relation holds for B, 

11. The relations between Jacobians present great resemblance 
to the ordinary formulae in the differential calculus. 

Thus the formulae 

d{Xi ... OCn) d(yi ... yn) ' d(Xi ... Xn)' 

d(x^.,,a)n)' d{f^...fn) 
are the analogues of 

dz ^dz dy , dy dx ^ - 
dx" dy' dx dx' dy" 

This analogy, which was perceived by Jacobi, led Bertrand to 
devise a new definition of a Jacobian. Let /i .../« be n functions 
of the variables x^,.. Xn. Now if we give to the variables n distinct 
series of increments 

diXi, diX^ ,,,diXn 

d^x-ii d^x^ ...diXn (1), 



dnXi, dnX^ ... dnO^n 

let the corresponding increments of the functions be 

^/i, dj/a ... difn 

dj\, di/2 ...difn (2). 



Then just as the dififerential coefficient of a single function of a single 
variable is defined to be the limiting ratio of corresponding incre- 
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ments of the function and variable ; the Jacobian of the functions 
fi'-'fnOf the n variables a?! ...«?« is defined to be the limiting ratio 
of the determinants of the systems of increments (2) and (1). 
That this leads to the same Jacobian as before is plain from the 
equation 

ditfi = ^»t^i + -^ ^*^ + ... + ^ duCCny 

which gives (v. 4) 

\dkfi\^\dkXi\, 



dfi 
dxk 



l^jfc^tl d (a?2 . . . a?n) * 
according to our former definition. 

Using this new definition we can prove all our former 
theorems. Let us use it to prove the first of the above equations, 
viz. the theorem of Art. 7. If the system of increments given to 
^ ... a?n be 

diiCi . . . diXn 



CLnXi ... (InXny 

let the corresponding systems for yi ... yn and z^ ... Znhe 
diyi ... dji/n diZi ... diZn 



dnVi . . . dnyn d^Z^ . . . dnZn. 

Then we have identically 

\diZt\ ^\diZk\ \diyk\, 
\diiCk\ \diyk\' \diXt\' 
or by definition, 

d(z^...Zn) ^ d(z,...Zn) d{y^.,.yn) 
d{x^...Xn) d(y^...yn)'d{xi...Xn)' 

12. We can also, using alternate numbers, obtain a symbolic 
expression for the Jacobian, from which the ordinary results follow. 
Viz., yi...yn, being n functions of a?i ... «?„, let 

y = eiyi + e2y2+...+enynf 

X — €1X1 + 62X2+ ... +enXn» 
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Then 



dxi dxi dxi 



+ en 






whence (ii. 15) 



dy^ dy dy ^ 
dxi dx^ dxn 




But now 



^ d(y,...yn) ^v 



dy _ dy dx 
dxi dx dxi 



= e, 



dy 
'dx' 



Thus the above equation (1) becomes 
/dyy ^ d(yi...yn) 

\dxj d(Xi,.. Xn) ' 

from which symbolical equation we can deduce our former 
theorems. 

For example the equation 

{dyy" fd^ ^^ 

\dxj \dy) 
gives at once 

d(yi...y n) d{x^...xn) ^^ 
d{xi,,.Xn)'d{yi...yn) 

13. Jacobians occur in changing the variables in a multiple 
definite integral. Let us transform the integral 



I = jj...F(y,...yn)dy^ 



'dyn 



to an integral -with respect to Xi..,Xn, the functions yi ... yn being 
supposed given functions of a?i ... «?». 

We proceed in the manner used by Lagrange to transform a 
triple integral. Beginning with yn we have to find the sum of the 
quantities 

Fdyn, 
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while yi, yj ... y»_i remain constant. This gives us 



Solving this to find dxn we get (xi. 1) 

where ^^^d(y., y,... y.) 

d{Xi, 0^2 ... Xf) 

Hence we must replace dyn by -— ^ dxn, and 

•'n— 1 

I^y..Fdy^...dyn-=y..Fj^dy^...dyn-^dxny 

the limits of a?n being determined from those of yn. 

In this integral begin by integrating with respect to yn^^. 
We have to find the sum of the quantities F y^dy^-iy while 

•'n— 1 

yi ... yn-%y ^n remain constant, so that 



dxi dx^ 



n— 1 



= J'd.. + ...+:^d., 



ctri * da?, 



'»— 1 



which gives 



'^2'"-=%'''^+-+fe;'^»->' 



Jn-idyn-i = t/n-i da?»--i . 



Thus dy^^i is to be replaced by y^dxn-i, and F-j^dy^r^j^ 
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by F , -j^ . j^^ dxn-i. Hence, the limits being properly deter- 



mined, I =\... F ^dyi...dy,^dxn 



idXn 



Similarly if we began by integrating this with respect to y„ 
we should get a system of equations which would give us 



dyn-8 = -r^ dxn^, 

•/ft— a 



and 

I = J...F j~ dy^,.,dyn-.zdxn^dxn^^dxn> 

Proceeding in this way we should finally obtain 

/= 1... F^dy^dx^... dxn. 

Then we integrate with respect to yi, subject to the equations 
dxz = 0, da?j = 0, ... dxn = 0, 

so that we must replace dyi by j- dx^, i.e. J^dx^. 
Thus / = I . . . FJndx^dx^ . . . dxn 

j a(a?i, ^2... Xn) 

F (x) being the result of substituting in -F for y^ . . . yn their values 
in terms o{ x^ .,.Xn. 

14. As an example let us consider the following determinant 
of definite integrals due to Tissot; we shall however follow Enneper's 
proof. 

Let Oi, Oa... an be n constant quantities in ascending order of 
magnitude, and let 

<l>m (a?m) = (^m - (hf^ (^m - O^*^ • • • (^m - a«n)^"* 

(am+i - ^m)^*^' ... (On - ^m)^^ 

where pi, p^-" Pn are either positive proper fractions or any real 
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negative numbers. The determinant to be considered is then 



D = 



where 



Jii . . . Jm 



(a„+i = 00 ). 
Thus 

(exp. u = €**). 

Now let us introduce in place oi x^yX2.,,Xn the n new variables 
J/i"- yny given by the equations 



a?i — Oi a?i — Oa 



X-i (Z« 



J^+-2^+...+ -2^» =1. 



a?n - «! Xn- «» 

Then by xii. 13, 



»^n Otn 



y* = - 



and hence 



Thus by xii. 11, 






dyk^_yk_ 
dxi Xi — ajc' 



d(yi...yn )_ 

d{Xi,.. Xn) 



= yi...y« 



Xi — ak 



= (-1)' 



' yi »«' Vn iH^l'-'^n) ^HOi ... an) 



Now V V __ ff(^)-ffK) ( "-^\ 



therefore 



d(a;i...«n) ?*(ai...an)* 
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Hence in the integral we replace cfa?i ... cten fK^i-- ^n) by 

dyi...<iynC*(«i--«n). 

Now if we write 

Fm{z) = (^ - fli) ... (^ - On,) (o^+i - ^) ... {an " -2^) 



we have 






Hence 






is replaced by 

dyi...dyn g^(ai...an) 

y,P^ . . . yn^ /*/ (a,)i'i . . . ^„' {an)Pn ' 

Again x-^,,. x^ can be regarded as the roots of the equation 

yi , ya , ^ ^ _y^_=i 

-e: — ai ^ — Oa *" z — On ' 

the roots of which lie between Oi and Oj ; Oa and Oj ; ...an and oo 

Hence yi ... yn take all positive real values. Also we have 

iPi + a?2 + ... + a?n = yi + ya + ... + yn + Oi + ... + On. 

Thus our integral reduces to 

n(n-l) 

(-1) « gHai...an)exp. (-ai-...--an) 



r exp.(-y,-...-yn). , 

Jo yi^^...yn^« ^' ^^ 



15. If M be a function of n variables a?i, x^.^.Xn and yi ... yn 
its dififerential coefficients with respect to these variables, since 

dvi d fdu\ d^u 



^y» _ d fdu\ _ 
da?jb dxjt \dxi/ 



dxjcdxi 



Digiti 



zed by Google 



14^16] 



ON JACOBIANS AND HESSIANS 



177 



the Jacobian of yi...yn is a symmetrical determinant formed 
from the second differential coefficients of u. This determinant is 
called the Hessian of u (after Hesse), and is denoted by H (u)y 
so that 

H(u)^\uit\. 

The Hessian of u will vanish if the first differential coefficients 
of u are not independent (Art. 2). 

For example, if 

dx^ 
dhi 



. = 2 (a?,«+ ... +a^i_i + a;«<+i + ... +^n'), 



dxidxj^ 



== 4iXiXj, ; 



H(u) = 



4x^X2 , 2(xi'-\-x^^+,,.+Xn'')... 



Or, dividing the ith row by 2xi and the kth column by 2x^, 



H{u)=^(2^x^x^.,.x^y 



X^ + X^ -♦- ... -\-Xrf 

2^^ ' 

1 



^i* + a:8^+...+a?n* 



2a:a« 



This is a determinant of the form of that in iv. 25. If we write 

If u=-af'y^'\-yH^'\-z^a^, 

this gives 

ff (w) = 24 {9a^y2^« - (ar' + y^ + ^2) ^}, 

16. Jacobians and Hessians belong to the class of functions 
known as covariants. That is to say, if these functions are 
s. D. 12 
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transformed by means of a linear substitution, the Jacobian of the 
transformed functions is equal to the Jacobian of the original 
functions multiplied by the modulus of the substitution, and the 
Hessian of the transformed function equal to that of the original 
function multiplied by the square of the modulus. 

Let the variables be transformed by the substitution 

«^i = atifi + at2f9+. .. + a<nfn (i = l, 2...n), 

and let the functions yi ... yn of a?i ... ic„ become in consequence 
the functions y/, ya' •-. Vn of fi ••• fn- Since 

dyi ^dyidxi ^dyido^ dyj dx^ 

d^k dxi d^k dx^ rffjb *" dxn df* 

it follows from the multiplication theorem that 
d(yi^-^yn) _d{yi, ,.yn) ^ , 

which proves the theorem for Jacobians. 

To prove the theorem for Hessians, let u be the original and 
-m' the transformed function. Then since the Hessian of u is the 

Jacobian of -,— ... , - we have 
dxi dXn 

, fdu dv! dv! \ 



Now 



, /du du\ 

d(a?i...a?n) 
dV d^u 



dxid^k ~ d^kdxi ' 
1 fdu du\ 

^ ( du du\ 
^dxi '" dxj 1^ ,j 

^H{u).\aa\\ 
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17. If we have n linear functions 

Vi = tti^ + ... + hinx^ (i = 1, 2 ... w), 

clearly t^F' '" H -\hi,V 

If 1^ is a quadric function 

w=6ua?i' + ... + ^hikXiX]f'\' ... , 
then J5r(i^)=2«|6ifc|, (6<fc = 6«). 

The sjmametrical determinant on the right, which is called the 
discriminant of the quadric, is therefore an invariant which on 
transformation is multiplied by the square of the modulus. 



12—2 
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CHAPTER XIV. 

APPLICATIONS TO BILINEAR AND QUADRATIC FORMS. 

1. A BILINEAR form is an expression which is linear and homo- 
geneous in each of two sets of independent variables. If the 
number of variables in each set is w, any such form is defined by 
an equation 

A = laikWiyi, (i, fc = 1, 2, . . . n) 

If B is another bilinear form with coefficients buy a third form 
C can be derived from A and 5, with coefficients Ca which are the 
elements of the matrix (anti (bnri' Thus 

C = taubutXiyt (1=1, 2, . . . n) 

= 2 — — 

dyi dxi ' 

It is convenient to write symbolically 

C=AB\ 

it will be observed that AB is, in general, different from BA, so 
that the multiplication is not commutative. But it is associative 
and distributive ; thus, for instance, if P, Q, R denote any three 
forms, 

P{Q + R) = PQ + PR, P,QR = PQ,R. 

In the particular case when AB = BA^ the forms A, B are 
said to be commutable. We have a series of forms represented 
symbolically by positive integral powers of A\ these are com- 
mutable, and obey the ordinary laws of indices. 
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2. With any form A are associated the matilx and the deter- 
minant of which the coefficients of the form are elements ; and we 
have 

{ABi = {A){E) 

with a corresponding theorem for the determinants. 

The form PAQ may be derived from ^ by a linear transforma- 
tion of each set of variables. For if we put 

the form A (f , 17) becomes 

'^'** dyi dxt dyi dxi \ dy^ dxj 
^P.AQ^PAQ. 

If the substitution is cogredient, pu^qut and the matrices of 
P, Q are conjugate (v. 1): in this case we shall write Q = P' and 
call P' the conjugate of P. 

3. The form 

E^Xxiyi (i = l, 2, ...n) 

is called the unit form. If A is an ordinary form, that is to say 
if I 4 I does not vanish, there is a form A"^ such that 

AA-^ = A-'A^E. 

This is proved by assuming ^~^ = Spi^ajiyi and equating co- 
efficients. Clearly 

\A\pn=^ant 

where cut is the coefficient of Oik in | -4 |. The form A"^ is called 
the reciprocal o{ A; its reciprocal is A itself, and if we adopt the 
convention that A^ = E, the laws of indices hold for all integral 
powers of A. 

Again 

(ABC)-'^C-'R'^A'-' 

and similarly for any number of factors, if all the forms involved 
are ordinary. 
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If AB vanishes identically, either | .4. | = or | 5 1 = ; in 
particular, if A is ordinary, 5 = 0, because in this case 

B = A-KAB--Q\ 

hence the ordinary theory of equations may be applied to sym- 
bolical polynomials involving powers and products of ordinary 
commutable forms. For instance, 

A^- E = A^- E> = {A + E) {A- E), • 

and if either of the factors on the right hand is ordinary, the other 
must vanish identically, if A^ = E. 

4. A form A in which 0^ = except when i^k may be 
called a normal form. Supposing that the coefficients belong 
to a field with the properties stated in vii. 2, it follows from vii. 
10 — 12 and Art. 2 of the present chapter that rational unitary 
forms P, Q can be found such that 

PAQ = N 

where iV is a normal form. The number of terms in JV is equal 
to the rank of | -4. | ; we shall call this the rank of A. 

The determinant of A and its elementary factors are invariants 
o{ A. 1( Ay B are any two forms, and \ an indeterminate, the 
result of equating to zero the determinant of \B — A is an 
equation in X., the roots of which are invariant for simultaneous 
transformations of A and B, The most important case is when B 
is the unit form ; putting 

^ (X.) is called the characteristic function of A, and 

<^(X) = 
the characteristic equation of -4. 

6. Any rational function of a variable t can be reduced to the 
shape 

t ^^*^ h{t) 

wAvftre g {t), h (t) are polynomials. If, now, A is any bilinear form. 
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g (^A) and h{A) are the symbolical expressions of two forms derived 
from it. If h {A) is ordinary, the form reciprocal to it will exist, 
and we may write 

f{A)=g{A)[h (4)]-' = g {A)lh {A). 
Let g {t) be a polynomial in t, with roots ti, t%,...tm; and let 
^(\) = (X - X,) (\ - X,) ... (\ - \„), 
^ (\) being the characteristic function of A. Then if 

5r(0 = c(<-<i) •••(<-<»). 
g(A) = c{A-t,E)...{A-t„,E), 
and hence 

\g{A)\ = c^\A-t,E\...\A-t,^E\ 

= (- i)'»»c»^ («,) <>(«,)... ^ (u •= (- ir»c» n {h - xt) 

^g{\d90^)-9Q^)- 

Similarly, if f{A) is a rational function of A of which the 
denominator is ordinary, 

|/(^)|=/(X,)/(\,).../(\,). 

Changing f{A) into \E'-f{A\ which is also a rational 
function of A, 

\\E-f{A)\ = U{\-f{\i)\; 

hence the roots of the characteristic function o{ f(A) are /(\i), 
/(Xa), .../(\n) where Xi, Xa, ... A^ are the roots of the characteristic 
equation of ^. As a particular case, the form (f>(A) has a charac- 
teristic function X^, and the roots of its characteristic equation 
are all zero. As we shall presently see, the reason of this is that 
4>{A) vanishes identically. 

6. The coefficients of A^, A^, etc. are rational integral functions 
of the n^ coefficients aik ; hence it must be possible to find c©, Ci, ... 
Cpy rational integral functions of the coefficients of Ay such that 

ir(A)j- CoA^ + Ci A^ + c^A"" + . . . + Cp4P = 

identically, for some value of p which does not exceed n\ We 
may suppose that >^(^) = is the equation of lowest degree 
which is satisfied by A : thus Cp does not vanish. 
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Consider the equation 

^ = ^' + 4.' + — 4-... 

. where the symbolical expression on the right is an infinite series, 
and r is an ordinary numerical quantity. By taking r large 
enough, the form S is interpretable, because its coefl&cients are 
convergent series in r. Multiplying by '^ (r), we obtain 

where Q (r) is an integral function of r with coefficients which are 
integral functions of A ; all the negative powers of r disappearing, 
in virtue of '^ (J.) = 0. Thus 8 can be represented as an integral 
function of A with coefficients which are rational functions of r. 



Again, 

consequently 
and 



A^ A^ 
rE8 = A' + —+'^ + ... 
r r" 

= A' + A8; 

{rE^A)8^A^^E 



where ff> is the characteristic function of A, and 
0, Xi, a?2, 
F{r) = yi , Ou - r, a,„ . . . Oin = yik^Ciyk, 



Vny Cbnu 

fik being a first minor of 



Ons, ... a^n — r 



Since 

F{r)^0{r) 
(f>{r) yfr(r) 

and yfr (A) is the lowest function of A which vanishes, yfr (r) must 
be prime to Q (r) for arbitrary values of the variables «?<, yt and, 
in addition, must be a factor of <^ (r). Suppose (f)(r) = 'sjr (r) x (^) J 
then 

<}>(A) = ^(A)x(A) = 0, 
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and consequently A satisfies the equation 

where <^ (\) is the characteristic function of A, 

Evidently ;^(r) is the greatest common measure of <f>(r) and 
the quantities /« ; in other words (vii. 3) it is the determinant 
fector Dn^i of ^(r) written in its determinant form. Hence 
also 

^(r) = <^(r)/x(r) = ^„, 

the nth elementary factor of <^ (r), 

7. If A is an ordinary form, the constant term in '^(il) is 
diflferent from zero; for otherwise, we could multiply the equation 
'^{A) = hy A^\ and obtain an equation of lower degree satisfied 
by A. Suppose, now, x being an indeterminate, that 

ylt(x)=:q{a! — a)r (a? — 6)^ (a? — c)> . . . , 

a,b,c... being all different from zero. We shall prove that there 
is an integral function of x, say x (^)» such that {x (a?)}' — a? is 
divisible by '^(x). 

Taking ^a with a determinate sign, we may write 
i^x = /s/{a -f (a? — a)} 

^F{x) + {x-aYR{x), 

where F{x) is a polynomial of degree (a - 1), and -B(a?) is a series 
proceeding by powers of {x - a), which is finite when a; — a = 0. 
Similarly 

'^x^O{x)'^{x'hfS{x)^H{x)'{'{x^c)yT{x) = ... 
and so on. 

Now let 
this is an integral function of x, and 
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where the right-hand member is finite when x = a. Similarly 
are finite for a: = 6, c, ... respectively. Hence 

Ix (^)Y - a? ^ X (^) + V^ X (^) - V^ 

is finite for all finite values of x, and is therefore an integral 
function. 

Since ^(^) = 0, it follows that 
and we may write 

The form U is ordinary, and we may also write 

8. Let J., 5 be any two ordinary forms, and let 

P^B{ABy^^tpu,Xiy^', 
then 

PAP = B {AB)-^ AB {AB)-^ = 5, 

We have therefore found a substitution 

^t = 2pK f i, yi = SpiiVk 
k k 

which converts A (x, y) into B (f, 17). The coefficients of the 
substitution are rational in the square roots of the roots of the 
characteristic function of AB, In this field of rationality, then, 
any two ordinary forms are equivalent. 

Let us now inquire whether A can be transformed into 5 by a 
cogredient substitution ; that is, whether a form Q can be found 
such that 

qAQ^B, 

Q', as usual, being [the conjugate of Q. We shall begin by 
supposing that A, B are both symmetrical, or else both skew- 
symmetrical. 
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Suppose P determiaed, as above, so that 

then since A' =^ ± A, R ^ ± B, corresponding signs being taken, it 
follows that 

P'AP'^B; 
and hence that 

If now we put 
J7' = P(P')-^and 

Hence, also, 



(P-'r) A (P'P-0 = A. 

P-^P'^U 
UA^AU\ 



U'A^UAU'^AU^ 
and, generally, if ;^ ( f7) is a polynomial in U 

then 

Q'AQ^PmA(UyP'^PAUT' = PAP^B; 

so that two symmetrical, or two skew-symmetrical forms, if both 
ordinary, can always be changed one into the other by a cogredient 
transformation, the field of rationality being suitably extended. 

More generally, if we start with 

PAQ = B 
and write (QO"'^ = ^» 

then x(^)^=^x(^')'^ 

and if ;^ ( J7) is ordinary 

Px{ur'Ax(nQ=B. 

To make this a cogredient transformation, we must have 
or xiUr = {Q[)-'P=U. 
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Conversely, if 

it follows that RAR = B, 

9. Now let J., B be any two forms, A\ B' their conjugates, 
and suppose that, u and v being indeterminates, two forms, P, Q, 
independent of u and v, exist, such that 

P {uA + vil') Q = wB + 1;^'. 

Write 

B + jD ^ jDj , B -^ B =^ Bq 5 

then Ai, B^ are both symmetrical, while A^y B^ are both skew- 
symmetrical ; and moreover 

PA,Q = B,, PA,Q^B,. 

Hence, by the method of last article, a £orm R can be found 
such that 

jB AiR = Bi, R'A^R = B^ , 

and hence also 

RAR = \R {A^ + ^,) ^ = B, 
RA'R = ^R (A^ ^Aq)R^ B. 

Therefore the necessary and sufficient condition that A may 
be transformable into 5 by a cogredieot substitution is that forms 
P, Q can be found such that 

PAQ^B, PA'Q^R. 

This result is due to Kronecker: the proof here given is that 
of Frobenius. The equivalence of bilinear forms, whether ordinary 
or singular, has been completely discussed by Kronecker and 
Weierstrass; the subject is too extensive to be pursued here. 
It should be observed that all the theorems of this abd the 
preceding articles of this chapter admit of a three-fold interpre- 
tation, according as we refer them to bilinear forms, determinants, 
or matrices. The product of two matrices has already been 
defined : we may call the matrix associated with the form J. + jB 
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the sum of the matrices associated with A and B, and then 
the symbolic calculus of forms becomes a calculus of matrices. 
From this point of view, the subject was initiated by Cayley. 

10. We have already considered (vii. 10) the reduction of 
a matrix to a normal form ; the process thei'e given also supplies 
a method for the reduction of a bilinear form. 

Suppose, in particular, that the form A with which we start is 
symmetrical. Then, in carrying out the process of reduction, we 
may arrange it so that the elementary transformations are made, 
in successions of conjugate pairs. After each such pair the trans- 
formed matrix is again symmetrical, so that finally we get a 
cogredient transformation 

PAF^N^ieiXiyi 

1 

where r is the rank of the matrix of A. 

Let us now make the two sets of variables coincide; then 
A becomes a quadratic form, of which | ann \ is the discriminant, 
and we have the theorem that by a linear transformation of the 
variables a quadratic form can be reduced to the shape 

61X^^ + 620!^^+ ... -\-erXr* 
where r is the rank of the discriminant. The discriminant is an 
invariant for any linear transformation, because 
\PAP'\^\P\^\A\. 

11. The reduction of a quadratic form to a sum of squares 
may be effected by a transformation which is rational in the 
coeflScients of the form and in a certain number of indeterminates. 
The possibility of this arises from the fact that the general linear 
transformation involves n^ independent coefficients, while the 
conditions that the new form may be a sum -of squares are 
^(w — 1) in number, and this is less than n\ 

Let us write 

u = toikOCiXjt, ^» = ^ = ^^ik^kl (i, A; = 1, 2, . . . n) 

and let us suppose that 
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is a matrix, with arbitrary elements y^^. Consider the sym- 
metrical determinant 



?7„ = 



Ou Oil ... Oin yu yu ... y,„ v^ 

. • . • • 

Ow a„a ••• Onn Vwi J/ni -" Vnn ^n 

yii yn ... ym o ... o o 

• • • • • 

. • a • • 

Vin ytn ... Vnn ... 

tbi U^ ... Un ... 

this vanishes identically, because every minor obtained from the 
last (n + l) rows is zero. 

The value of the minor obtained by omitting the last row and 
column is (— 1)~ | ynn |' ; we denote this by Rn, and suppose that it 
does not vanish. 

By omitting from Un the rows and columns which contain 
elements ya with i or k greater than p, we obtain a symmetrical 
minor which we shall call Up. The determinant obtained by 
omitting the last row and column of Up we shall call Rp. Finally 
let Xp be the determinant derived from Up by omitting the last 
column, and the last row but one. Thus Xp is a linear function 
of i^i, ifca, ... w,», and therefore of a?i, ajj, ... a?^. We shall suppose, 
in the first instance, that |a„n| is diflferent from zero. 

By the properties of first minors (vi. 5) 
RpUp^i — Xp* = UpBp-i, 
and hence 



Up^i^^^ 

Rp-i Rp Rp-iRp 



X,' 



.(1). 



Now Un = 0, and [/^ = - | Onn I u, as we see by multiplying the first, 
second, ... nth columns by a?,, i»j, ...Xn and subtracting from the 
last column. Summing the equations of which (1) is a type, from 
p = to p = w, and writing Rq = | ann \ for uniformity, we obtain 

X,* X,' 



U = '- 



x«' 



which.. 



RqRj R1R2 Rf^iRn 

ives the required expression of t^ as a sum of squares. 



(2), 
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12. At first sight it seems that a traasformation has been 
obtained involving n^ independent parameters ; whereas we have 
seen that this is impossible, the number of independent constants, 
in general, being \n{n + 1). The explanation is that the constants 
yit enter into the quantities Xi, Ri m particular combinations, 
namely certain minors of ] yn» | ; these are connected by identical 
relations, and the number of really independent parameters is 
reduced accordingly. 

Thus, to take the simplest illustration, let 

then the direct application of the above process gives 
Xi == (Xp — fiv) [{va — \h) a? + (i/A — \6) y}, 
X^ = ^{ah-h?){\x^'vy\ 
Ro = ab-h^, iii = -/>V -f 2h\fjL - a/^S B^ = (\p - /ai/)»; 

and formula (2) of last article reduces to 

^ ^ 6X* - 2h\v + av" 

Here there is only one independent parameter, namely \/p ; but 
instead of Xi, Xg we may take arbitrary multiples of them, and 
this gives two more parameters. The method which has been 
explained is due to Darboux ; he has shewn that it does, in fact, 
give the most general substitution of the kind required. 

13. Let us now suppose that |a„„| is of rank r; that is to say, 
let one at least of its minors of order r be different from zero, 
while all those of higher order vanish. Then, in the notation of 
Art. 11, 

-^0 } -^1 > • • • -^Ai— r— 1 

vanish identically, but Rn-r does not, so long as the^ quantities yuc 
remain arbitrary. We shall still have 

for i = 7? — r, w — r + 1, . . . n ; and we conclude as before that 

^n—r -^ n— r+i i i ^ 

"i" • • . 1 



•'^n—r -^n— r-^^»— r+i -^n—i^n 
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192 THEORY OF DETERMINANTS [CHAP. XIV. 

In the determinant Un-r subtract from the last row the sum 
of the products of the first n rows by ^, aja, ••• ^n respectively; 
the last row now becomes 

0,0, ...0,-/1,-^3, ...-In-^y-U, 

where k = ^ytiXg. 

s 

From the last column of this new determinant subtract the 
sum of the products of the first n columns by a?i, x^,... x^ respec- 
tively ; the new determinant is symmetrical, and its value is 

where p^ is a minor of Rn-^ obtained by. cancelling the row and 
column containing yi*. But /)a; = 0, because it can be expressed 
as a linear function of minors of \ann\ which are of order higher 
than r : hence 

and 

n— r+i -^ n-r+3 -^n 



t^= — 



Rn-rRnr^+i -^Wv-r+i -^n-r-l-a . Rftr-iRn 



Thus in the general case, where r, the rank of |ann|i is un- 
restricted, Darboux's method gives the reduction of u into the 
sum of r squares. The values given to the parameters yt^ must 
be such that none of the quantities Rn-^> Rn-^+i>"-Rn vanishes ; 
this is always possible, since they are functions of the quantities 
yii which are not identically zero. 

14. Returning now to the case when | ann \ does not vanish, 
we will shew that if 

fi> faj ••• fn 

are any assigned independent linear functions of Xi, x.^, ... Xn, 
we can, by a suitable choice of the quantities ya, express the 
quadratic in the form 

w = ± (aifi + a2f2+ ... + anfn)' 

= ±Hl«±S2^±...±H„^ 

where H, is a linear function of f«, f,+i, ... f». 
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13-15] APPLICATIONS TO BILINEAR AND QUADRATIC FORMS 193 

Suppose ft = 2%- Xj, (j = 1» 2, . . . n) 

then I Cnn I does not vanish, and the matrix (y8»») can be deter- 
mined by making 

Ui^^^ikSk (i,A; = l,2,...ii) 

k 

identically. In fact, this gives 

and .therefore (I3nn) = Kn) (Cnn)'^- 

In the expressions we have denoted by Rp, Up put yik^Pik'y 
and to fix the ideas suppose that Xp has been obtained from Up 
by omitting the last row and the last column but one. Let Zp be 
the determinant obtained from Xp by putting ynt^/Sik] then if 
the columns headed by /Su, ySia, ... fii^ p-i are multiplied by 
fi» ^2> ••• ?p-i respectively, and the sum of the products sub- 
tracted from the last column, the new elements of the last column, 
read from the top, are Vi, V2> ••• Vn> where 

k=n 

*=p 
Hence Zp, when expressed as a linear function of fi, fa,... f^, 
does not involve fi, fa, ... fp-i; and this proves the proposition. 

16. The advantage of this transformation is that if we suppose 

vp+i — w>+2 = • • • = f » = 0, 
so that ^p+i — ^p+2 = • • • = ^n = 0, 

the resulting values of Zi, Z^, ... Zp are linearly independent. 
Hence we get the reduced expression of i^ as a sum of p squares 
when the variables are subject to (n —p) linear relations. This 
reduction is important in problems of relative maxima and 
minima. 

There are two special cases which deserve attention. The 
first is when ft = t/A;. so that ^ik — Bik, where 8^, as usual, is 
Kronecker's symbol. The value of Rp is now (— l)^Ap, where 
Ap is the minor obtained from | ann \ by omitting the first p rows 
and columns : thus, writing A for | ann \, we have (Art. 13) 

Z,^ Za' Z„« 



AAi A,Aa^-^A^/ 
where Zg is a linear function of Ug, Ug^i, ... w^- 

8. D. 13 
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194 THEOBY OF DETEBMINANTS [CHAP. XIV. 

The second case is when ^k=^^k> so that fiik — cnk- The value 
of Rp is now (— l)^AA'p, where A^ is obtained from A by omitting 
the (p + l)th, ... nth rows and columns: thus, with A« = A for 
symmetry, 






A\^A',A',^-^A'^,A'„' 
where Zg is now a linear function of a?,, Xg+i, ... Xn. 

Sylvester has proved that when a quadric is linearly trans- 
formed to a sum of squares by a real substitution, the number of 
positive and negative squares is always the same. The results 
of the present article shew that the variations of sign are deter- 
mined by either of the sets 

AAi, A A, ■.. A^aA^i, An-i, 

A'l, A'lA'a, ... A'^.aA'n-i, AViA'n. 

In particular, the necessary and sufficient conditions that all 
the squares may be positive are that either of the series 

A, Ai, ... A^i, 
A\,A'„...A'n 

should consist of terms which are all positive. In the case when 
the variables are subject to (n — p) linear relations, the variations 
of sign in the reduced form of u are obtained from 

(Cinn) (Pnp) 
(M (Opp) 

and its leading minors, the elements ySifc being determined as in 
Art. 14. 

16. If a quadric, by means of a linear transformation, has 
been reduced to the sum of n squares, 

U = ^aiJcXiOOje 

the discriminant of the right-hand side is A1A2... An, and hence 
if fi is the modulus of transformation, 

Two given quadrics 

U = ^OneXiXk, V = ^bucXiX]^ 
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15-17] APPLICATIONS TO BILINEAR AND QUADRATIC FORMS 195 

can, in general, by a simultaneous linear transformation 

^» = Ciiyi + c<ay,+ ... + Cinyn (» = 1, 2...n) 
be reduced, each to the sum of n squares of the same linear 
functions, viz. 

U= A^y^^-^ ^aya« +.,..+ Anyn\ 

v = s^A,y^^-^8^A^y^^-]r... +SnAnyn*; 
for in order to determine the w' constants, c»t, we have first 
n(n — 1) equations from the fact that the coeflScients of the 
products yiyk must vanish, and n additional equations from the 
condition that the ratio of the coeflScients of y^" is to be Si; in 
all, n^ equations. 

If we form the discriminant of 8u — v, its value for the original 
quadrics is 

I Sann-bnn \ (1), 

and for the transformed quadrics 

A^ ... An(8-8i)(S'-S^) ... (S-Sn) (2). 

The ratio of the quantities (1) and (2) is fi^; hence «i ... «n are 
the roots of the equation 

A(«)= I SUnn-Kn \ =0 (3). 

17. The following resolution is due to Darboux. 
If we write 






•(*). 



we have identically by Art. 11 



F = su — v — 



1 

Ms) 



»Oi,— &11 ... «aj„-6i„, Xi 



..(5). 



8Clni "" ^711 • • • 8(lnn^ (>nnj ^n 
JLj ... JCn 

The determinant on the right is a function of s of order n—l; 
resolve the fraction into partial fractions, and we get 



su 



^v — S 



A'(8i)(s-8i) 



Xi ... Xn 



..(6). 
13—2 
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The determinants on the right are all perfect squares by vi. 6, 
for they are obtained by bordering the vanishing determinant A(si). 
Whence 

where Ui is a linear function of the form 

Ui = diiXi H- . . . + dinXn- 

If in the determinant (6) we replace Xi by its value from (4), 

and subtract from the last column the first n multiplied by Xy ...x^^ 

and do the same for the rows, the value of the determinant is 

du 
unaltered, but Xi is replaced by ^ (« — si) -j- . 

A term is also introduced in the principal diagonal in the last 
place, but since its minor vanishes by (3) we may replace it by 
zero. Thus Ui is replaced by 

W-i(.-..)(A,|^-....H-*.£) 

= (8-'Si)Vi, 

where Vi is independent of 5 ; 

^Vi'(8-Si) . 
/. 8U-V = Z — T77-\ • 

Equating coefficients of 8 we get 

A(5i) A (8i)' 

which is the required resolution. 

It is assumed here that 8i, 82, ... 8n are all different: when 
this is not the case, the analysis requires modification. For a 
complete discussion, the memoirs of Weierstrass, Kronecker, and 
Darboux should be consulted. 

18. An important branch of the theory of quadrics is that of 
their linear automorphic transformation. That is to say, as the 
name implies, the discussion of those linear transformations which 
do not alter the outward appearance of the quadric. So that if 
x^,.,Xn are the original, and yi...yn the new variables, 
XdikXiXi becomes Xdikytyk' 
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Without entering into a discussion of the general case we shall 
study that particular one which gave rise to the whole theory. 

In the transformation from one set of rectangular axes in space 
to another with the same origin, the distance of a point from the 
origin is the same, and expressing this for the two systems 

such a transformation is linear and automorphic, and is known as 
an orthogonal transformation. 

19. The general case of an orthogonal transformation is to 
determine those linear transformations which give us 

The theory is due to Cay ley, but we shall give it here as 
modified by Veltmann. 

Let us consider the following equations 

bn^ + K^i + . . . + 6in^n = fciij/i + K1/2 + • • • + KiJ/n 
h^X^ + h^X^ + ... + ftan^n = ^jayi + KVt + ... + hn^Vn 



^...(1), 



where the system hik is skew, so that 

fci*=-6K, hii=^z (2). 

The rows of coeflScients on the right coincide with the columns on 
the left. 

Let 5=|6i*l = |6K|, 

so that £ is a skew determinant, and let Bit be the system of first 
minors. Solving the system of equations (1) we get 

y<= Ciifl?i + d^X^ 4- ... + CinXn 

^k= dtiyi+ dtay^ + ... + dknyn- 
The coeflScient of xt in yi is given by 

If «=-Bii&ti + -Bia&*a+ ••• +Binbkn, 

then Bcqs + s = 2Bijtbjai. 
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198 THEORY OF DETEBHINANTS [OHAP. XIV, 

Now « = J8 or according as i is or is not equal to k, thus 

_ 2Baz 2Buz-B 
Cik- ^ , cu ^ . 

In the same way 

_2Baz _ 2Buz-B 

"" R ' "~ R * 

Thus Cifc = d«, 

and we may write 

^i = C^iVi + Caiya + . . . + Cnt^n. 

Substitute for a?! ... Xn from the second of these systems in the first 
and equate coeflScients of yje and yi on both sides, thus 

CtiCfa + Ci2Cjfca+ ... +CinCtn = OJ ' 

If we substitute from the first system in the second, we get 

CiiCufc + CjjtCafc + . . . + CniCnJfc = 0) * 

Whence we see at once that 

^1^ + a;a« + ... + xn^^yx^'^y^^+ ...+yn\ 
and thus the coefficients Cik are those of an orthogonal substi- 
tution. 

20. By the preceding article we are able to express the 
n^ coefficients of an orthogonal transformation by means of the 
Jn(w — 1) quantities 

K, 6i3 ..• hn 
623 ... fcan 



by forming a skew determinant with these, the elements of whose 
leading diagonal are equal to js ; and without loss of generality we 
may put ^ = 1. 

For the case n = 2, let 



5 = 



1, X 

-\, 1 



= 1 + X^ 
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the system of first minors is 

1, X 

-\ 1. 

Hence the coefficients of a binary orthogonal transformation 



are 



1-V 


2\ 


1+V 


1 + V 


-2\ 


l-X* 



1+X«' 1 + X«' 
For a ternary orthogonal transformation 



B'- 



= l+X» + /A« + i;2; 



1, Vy -H' 

- I/, 1, X 
/A, -\, 1 
the system of first minors is 

1+X», v + Xfi, —fi+Xv, 
— V + X/A, l+/i\ X H- /Av, 
fi + Xvy ''\+ fJLv, 1 + i^. 
Hence the coeflScients of the ternary orthogonal transformation 



are 



l+X«-/i«-i;^ 



v+Xfi 



B ' ^ B ' 



B 



B 



' B ' 



/ i-j-Xy ^ -X4-/tii/ 1 + y^ - X» - /i' 

^~~B~' ^ B ' B ' 

If we write 

X = cos/ tan Jtf , /a = cos ^r tan Jtf, i; = cos A tan ^tf, 

where cos'/+ cos' g + cos* A = 1, 

and therefore £ = sec*^tf, 

we get Rodrigues' formulae. 



Digiti 



zed by Google 



200 



THEORY OP DETERMINANTS 



[chap. XIV. 



For the quaternary orthogonal transformation 



B = 



1, a, b, c 

- a, 1, hy - g 

- fc, - A, 1, / 



Then 



^ = 1 + a» + 6» + c« + /« + 5r« + A» + ^, 
where O^af -{-bg -\-ch. 

And the system of first minors is 



Bn= i+f' + g'+h\ 
B^L^ — a —fO + eg " bh, 
Bn- -b - cf- gO-^- ah, 
B^ = - c -\' bf — ag -- hOy 

J?i8= b + g0 - cf + ah, 
J?a= h+fg + cO-ab, 
B„= 1 + g^ -hd" +a\ 
£« = — / 4- gh-- be — a0, 



Bi2 = a +/$ — bh + eg, 

Bgg = -- h -hfg — ah " cO, 
^43= g +fh+be-ca, 

Bu= c-\-h0-ag+bf, 
B^^-- g-\'hf — a^c^bO, 
-Bs4= f+gh + aO-bc, 



Thus the coefficients of the quaternary orthogonal transforma- 
tion are 

£cu ^ 1 - ^+/a- a»+5f» - 6« + A» -c«, 
£cij = 2 (a +/i9 - 6A + cjr), 
J?Ci, = 2(6 + 5rd-c/rfaA), 
£ci4 = 2(c+A^-a5r + 6/), 
&c. 

21. The square of the determinant of an orthogonal sub- 
stitution is unity, for 

|Cifc|«=|d<fc|, . 

where da = cudjc + CaiCj* + . . . + CniCnk, 

Le. c?tt = 0, d« = l; 



Ca.|*=l, or I Cifc| = €, 



where e means + 1. 



22. If Ciie is the complement of c^* in (7, then 
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For we have the system of equations 



Cik<hk+ ... +C„jfcCnt= 1 



Cin(hk+ ... +CnnCnk=0. 

Multiply these equations by C^i, C^j ... Cin and add, the co- 
efficient of Cik is €, the others vanish; thus 

23. Any minor of the system cut is equal to its complementary 
minor. 



For 



by VL 6. But 



C/ji ... Oip 



Cpi... Cpp 



On ... C^p 



a 



'pi ... Cpp 



= €P 



^iH-i jH-i • • • ^p-Hn 
Cn ••• Cip 



vpi ... i^pp 



by the theorem just proved. Hence 



Oil 



^p 



Cpi . . . Cpp 



Op+ip^i ... Op+in 



^np^i 



... Cn 



24. If ^^'^^ = I ann I , J?<"^ = |fcnn I be two determinants of 
orthogonal substitutions of order n, then the determinant 

P(\, fl) = I Xann + f^nn \ 

is not altered by interchanging \ and /a. 

For the symbolical expression for P (X, fi) is 
P(X, ,jL) = (\A-hfJLB)^ 

as in VI. 7. And as there proved 
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Or, if il <«) = 1 =£<»), we have by Art. 22, 

P(\, /a)= \7d}ik + fiaik I 

From this we see, that if from the coefficients of an orthogonal 
substitution of order n we subtract the corresponding coefficients of 
another orthogonal substitution of the same order, the determinant 
formed with these differences vanishes if n is odd. , 

25. If we take n quadrics in n variables we may conveniently 
represent them by the system of equations 

Ui = toijkXjXi (t, j, fc = 1, 2 . . . n). 

With the coefficients o^t we can form a cubic determinant of 
order n which will be an invariant of the system of quadrics v^..,Un. 
Zehfuss has pointed out that for three ternary quadrics this gives 
Aronhold's invariant, while the auxiliary expressions he gives for 
its calculation are the cubic minors of the second order. 

For the two binary quadrics 

aa^ + 2ban/ + cy\ 
a a? + Wxy -f dy^, 
it is the harmonic invariant 

ojoi! - ±hh' + cc . 

The general theorem is that for n quantics of order p in 
n variables the determinant of class (p + 1), which can be formed 
with their coefficients, is an invariant of the system. By allowing 
all the quantics to become identical we get an invariant of a single 
quantic when it is of even order. 
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DETERMINANTS OF FUNCTIONS OF THE SAME VARIABLE. 



i. If yj, yj . . . y„ are functions of a variable x, and if 






the determinant 



2 ± yiy,'« 



,Jn-l)__ 






n 



yr', yt" ... I 

is called the determinant of the fiinctions yi, y2...yn» ai^d is 
denoted by 2)(yi, ya-.-^n). 

2. If y is any function of x, and we multiply the above deter- 
minant by 

y , , ...0 



y 



(a) 



y 

2ya) 





y 



...0 
...0 



= 2/", 



combining the columns of D with the rows of the latter, we obtain 

D (yyu yy2 • . . yyn) = y^'D (yi, 3/3 .. . yn). 

In particular if we put yyi = 1 in the determinant on the left, 
all the elements in the first column vanish, except the iirst, which 
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is unity, and the determinant reduces to the determinant of the 
w — 1 functions 

If therefore we put 

then D(y,, 2/2... 3/«) = -iiZii)(3//, Vz "-yn)^ 

3. If the functions y^.^-yn are connected by any linear 
relation 

it is plain by differentiating this n — 1 times, and eliminating 
Ci . . . Cn between the original and these n — 1 new equations, that 
we get : 

-D(yi, y2...yn) = o. 

Conversely if the determinant of the functions yi ... y^ vanishes, 
then they are connected by a linear equation with constant co- 
eflScients. We shall prove this by induction ; we shall assume 
that if the determinant of w — 1 functions vanishes, these functions 
are linearly connected, and we shall shew that the same is true 
for n functions. If y^ does not vanish, which would be equivalent 
to a linear relation among the functions, it follows from the pre- 
ceding article that since 

-D(2/i, y2...yn) = o, 
we must also have 

D{y:. y,'...yn) = o. 

Hence by hypothesis the n — 1 functions yj' ... yn are linearly 
connected, i.e. we have 

Dividing by y^ we get 

or integrating 

Oiyi + Cay, + ... + Cnyn = 0. 
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Thus if the theorem is true for n — 1 fanctions, it is true for n, 
but it is clearly true for two functions, and hence generally. 

4. From the formula 



yi 



it follows that 



^(yi> y2, yz)='-D(yi\ ^,0 

Divu y%> y4)=-i>(y/, y/) 
yi 



i>(yi, ya, yn)=-D{y2\ yn)* 



The same formula also gives 

D{y.\ y3'...yn) = -.^i>{i>(ya', y/), D{y^'^ y:)^^^D{y^. yn% 
ya 

Combining these formulae, we obtain the equation 

i>(yi, y2, y4)...-D(yi, ya. yn)}. 

By repeated application of this method we obtain the 
theorem : — 

If 1^1, i^a • • • ^m> Vi, Va . . . i;„ be functions of a?, and if 

Wt=D(t^, i^a...^, I'i) (i = l, 2...n), 

then DK t^...^., ... t>....t>n) = ^j(^^ t^...^)}"-' - 
5. A special case of this theorem is 

i>(yi...yi:-i, y*+i...yn, y*, y) 

^ i) {Z) (yi ... yfc_i, yt+i ... y^, yj,), D fa ... y^^i, yic+j...yny y)} 

-D(yi...yi:-i, yfc+i...yn) 

which we may write in the form 

i>(yi»««yn,y)i>(yi»««yfc-i,yifc+i'-yn) ^ d D(yyyi...yk-uyk+i'''yn) 
-D(yi---yn)-D(yi...yn) c^ -D(yi...yn) 
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Assuming now that the functions y^... yn are independent, let 
us write 

then the above equation can be written 

A 
dx 



6. The determinant 



yi 



y2 



yi^'\ y.^^ 



yi*^ , y.*» 






vanishes if fc<n — 1, but if fc = n — 1 its value is i)(yi, yj ... yn)- 
Expanding it according to the elements of the last row we get the 
system of equations 

yi^i + y^2 + ... + ynZn = \ 



If we write 8^^ = yi<^>-?i<«) + ya^^^^a^^^ + . . . + yn^^^Zn^^\ 
we can write these more briefly 

Now we have 

^^ =«*.0+«fc-l,l 

^ = «*.o + ^«fc-i,i + «*-a,a 



.(A). 



■^ = «*.o + ^5*-i.i + *25t-a,2 + ... + «o.*. 
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If A; < n — 1, it follows from these equations that 

««^ = 0, ifa + /8<n-l. 
If A: = n — 1, it follows since 

(l-l)'-=l-r + r,-...+(-lX = 
that 5n_i,o, «»-2,i ••• are alternately equal to + 1 and —1. 

Hence we get the following theorem ; The expression Spq is 
equal to zero when p-\-q<n—\y and equal to (— 1)« when 
jp + 5 = n — 1. 

If fc = w, we conclude in the same way that 



7. Among the relations just established we have 
-^lyi + z^% +...+ z^n = \ 



, (n-2) 



.(B). 



yi + Zj^^'-^^y^ + . . . + Zn^'^^Vn = 

zi^-'^yi + ^a<^-^^y2 + . . . + ^n<^"^^yn = (- 1)'*"^ 

li D{z^y Z3... Zn) vanished, it would follow, since 

*oo ~ "> 5oi = U . . . 5o^n— 2 ^ "> 

that «o,n-i would also vanish, while its value is (— 1)**"^ Thus the 
functions ^i, Z2... Zn are not linearly connected with each other. 
Comparing the systems (A) and (B) it appears that the relation 
between 3/1 ... yn and Zi ,.. Zn is a reciprocal one, if we neglect the 
sign when n is even. From each relation between these systems 
we deduce a new one by interchanging 

yi, ya...yn, Z^, Z2...Zn 

with (- 1)^'%, (- 1)^-% ... (- 1^-%, yu ya ... yn. 
Thus from the equation 

. -( nn-^i: -P(yi-'y*-i> yt+i'-yn) 

^*-^ ^^ D{y,,y,...yn) 

we deduce 

^*"^"^^ i)(^i, ^2...^n) • 

In consequence of this we shall call -^i . . . ^„ the conjugates of 
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8. If we form the product by rows of the two following 
determinants 



yi .. 


. yt, 


yt+i 


... y» 


yi*-" .. 
yi*' .. 


.y**-> 


. y^^ 
. yi^x 


...yn'^" 
... y«*> 


1 ... 


. yt'"- 

0, 





... 


... 
Zl ... 


1, 

Ik, 




^k+l 


... 

... z„ 



the first of which is D{yi ...j/n), the second i)(^*+i ... z^), we get 



yi*'^^ ... yA<*"'^ «t_i,o ... «*-i,n-*-i 



*) 






y 

In this determinant the elements common to the first k rows 
and last n — k columns all vanish, whence it reduces to 



yi 



y* 



yi 



(4-1) 



yfc 



(fc-i) 



«*,o ... 5*,n-fc-i 



^n—1,0 . . . *n— i,»— if— 1 



The first of these = -D (yi . . . y*); in the second all the elements 
to the left of the second diagonal vanish, whence its value is 



(-1) 
= 1. 



(t>-» {n-k+D 
2 



*ffc— 1, *n— 2, 1 . . . *fc, fi— t— 1 



Thus we have 

-D(yi ... yn)D{zk+i ...Zn)^D{y^ ... yi,). 
If A = 0, we have 

D(yi...y„)Z)(^,...^n) = l. 
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9. From this last equation we get 

= (- i)"(y. Vi ••• y») -D (^1, «» — «»). 
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Or 



P(y)^{-Vr 



= (-1)" 



y. yx 



y« 



y"'. yi'" •..y«'» 



y(»), y,(») 



(n) 



1, 
0, z. 







I 



0, ^i<~-"^>...2:n<~-'^ 






y f *no> *ni ••• *n,n— 1 



Similarly we should get 

p(^)=(-i)- 









*n— i,o> *ffc— 1,1 • • • ^n—i,n 

10. These determinants occur in the theory of linear differ- 
ential equations. Thus, consider the equation 

where the quantities ao, ai ... a^ do not contain y. If yi ... y^ are 
n particular integrals, we have the n equations 

aoVi + (hVi^'^ + ... + anyi^""^ = (i= 1, 2 ... n), 

and by eliminating the a's we get 



y> y 



(1) 



y 



in) 
(n) 



or 



yi, yi'" ...yi 
yn>yJ'^ '"yn^""^ 



= 0, 



S. D. 



14 
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If we solve the equations for ~-^^ we get 



yi, yi<'^ ...yi" 



yn> yn^ 



d 



Vn 



yi> yi 



(1) 



,y,(«-i) 



yn, yn^'^ 



yi 



(n-i) 






le. ^logi)(y„y2...yn) = -^', 

11. Though not immediately connected with the subject of 
the present chapter we shall give Hesse's solution of Jacobi's 
dififerential equation. 

This equation is 

-Ajdv-h A^d^ + A 8 {^dv - vd^) = 0, 
where Ai = a^if + a^iy + Oia (i = 1, 2, 3). 

We can write the equation in the form of the determinant 

df, d/r), 

Now let f = - , ^ = - ; the equation becomes 
z z 

X, y^ z == 0. 

zx — £:'a?, ^y' — y/, 

-4.1, -d.2, -^8 

Multiply the first row by / and add it to the second, this 
divides by ^, and we get 

X, y, z =0. 

^', y\ / 

-4i, -a.2, -Aj 

Now let us multiply this equation by 



and let 



«8, A, 78 
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Also assume that 

\iPi = AiOi + A^^i + A^ji. 



211 



Then 



Pi, Pi, Ps 
dpi, dpi, dpi 

\Pi, ^^i>j, ^1>8 



= 0, 



i.e. 



dpi dp^ dpi 
1, 1, 1 



= 0, 



or 



logpi, logp,, logp, 
1, 1, 1 

A] , A2, Aj 



= c. 



or, as we may write it 

Aj-A, Ag-Ai Ai— Aj ^ 

Pi 'Pi 'Pz =^. 

Since we assumed that 

AiUi + A^ffi + Asji = XiPi, 
we have, by equating coefficients of x, y, z 

«! (au - X) + ^ittia + YiOi, = 0, 

CXiOai + A (022 - ^) + 7i«2J = ^> 

aiOsi + ^032 + 7i (^ - ^) = 0. 
Hence eliminating ai, /81, 71, we see that Xi, \a, Xg are the 
roots of the equation 

Oil — X, Oia, ai8 =0. 

eta, fl«22 ■"■ A, Ct28 
Chi, «M> Oss-X 



14—2 
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CHAPTEE XVI. 

APPLICATIONS TO THE THEORY OF CONTINUED FRACTIONS. 

1. The application of the theory of determinants to con- 
tinued fractions gives great facility in the discussion of these 
functions. As usual in English mathematical works we shall 
denote the continued fraction 

— - 6, , 

Oi + ^h 
^ 01 + 02+08+ '"+«»* 

Such a fraction is called a descending continued fraction. 

In addition to these we shall discuss a less known form of 
continued fractions, which, however, is historically the older form 
of the two, namely, the ascending continued fraction 

6i + - — 

Oi 

which, in an analogous manner, will be denoted by 
fci + 6a+ + K 

Oi Oa **' On' 

Our object is to establish a determinant expression for the 
convergents to these two forms. 
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2. If we write down the system of equations 




biX = Oi^?! -)- X2 




fcaa?i =02^2 + ^8 




^jflJa = OyXs + iC4 


we see that 




Xi bi Xi fca 

ai + — ttj + - 
a?i X2 


Hence — is the continued fraction 

X 




61 6, 

ai + (h + 



3. If we are to determine the nth convergent, i.e. the value of 
the fraction when we stop at — , we must suppose that Xn+i and 

On 

all succeeding x*8 vanish, whence we have the system of equations 
biX = ajiPi + Xq 
= — 63.^1 + 0^2 + Xs 



= - bnXnr^i + ana?». 

Solving this set of equations for x^ we get : 



Oi , 1,0... 

-62, Oa , 1 ... 
,-6a, 03... 

0,0,0 ...a^,, 1 
, , ... -6„, an 



^« 



63a;, 1 , ... 

, Oa , 1 ... 

, -63, Os .- 

0, , ...-6„, ttn 



Thus 














^ = ^ 


Oa, 1 .. 


.0,0 
.0,0 


^" 


, 


1 , 

Oj , 1 

-6„ a, 


... 0,0 
... 0,0 
... 0,0 







fl- •. 






0,0.. 






, 
, 


, 
0,0 


...On-i, 1 
... -hn, On 
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or 

say, where 


X qn 

• 




Pn^b^ 


a,, 1 ,0,0.. 


. 0,0 




-h, a, , I , .. 


.0,0 




, -64. a„ 1 .. 


. 0,0 




, 0,0,0.. 


. ffln-i) 1 




, 0,0,0.. 


• - 6„, a„ 


= a«j 


P»-l + KPn-i, 





if we expand (iv. 24) according to the elements of the last row 
and column. 

Similarly 

q„= a,, 1,0,0... 0,0 

-&„ Oj , 1 , 0... , 0' 

, -6„ a,, 1 ... 0,0 

, 0,0, 0...an-„ 1 I 
, 0,0, 0...-6„, a„l 

Since p„ = 61 ^ , we can write the convergent in the form 

d 



^'d^^^"?«»>- 



4. The deternfinants of the form qn have been called con- 
tinuants by Mr Muir. Since 

qn = dnqn-i + Kqn-^, 

if Un is the number of terms in the continuant of order n 

, Un = Un^i-hUn^, 

an equation of differences which gives 



^.A(i^)\B(i^y 



Since Wi = 1, i^ = 2, we have 

t^ = {(1 + V5)«+^ - (1 - VS)**-*-^} -^ 2^+1 V5. 
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It is easy to shew by the binomial theorem that this number 
is an integer. Prof. Sylvester obtains this number in the form of 
the series , 

^ ^ ^^ ^^ ^ (n-2)(n-3) ^ (n-3)(n-4)(n- 5) ^ 



1.2 



1.2.3 



5. The value of the continuant q„ is the same as that of the 
determinant 



?« = 



provided only 



Oi, Ci, ... 
duf cIq, C2 ... 
, (^, a, ... 

0, 0, ... an 

Cjdr+i = - K+i 



(r = l, 2...n-l). 



This is clear if we expand by IV. 24, according to the elements 
which stand in the last row and column. For then 

where q^ = q^ q^ = 32. Hence q^ = qm the equation of diflferences 
being linear. 

Thus we can also write 

grn= Oi, -1, 0,0 ... 

6a, Oa , — 1, 

0, 6s, as, -1 ... 

0, 0, 64, (3^4 ... 

6. The value of the continued fraction is not altered if we 
replace 

6r, Clrt 6r+l 

by khrt kary kbr+i* • 

For the quotient ^ is unaltered if we multiply numerator 
qn 
and denominator by any the same number. If we multiply both 
by fe, the row 

... - 6y, dry 1 ... 
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in the determinants equated to pn and qn in Art. 3 is replaced by 

... —kbry kur, k ... 
and by Art. 5, iit place of the last ky we can write unity if we 
replace 6r+i by khr+i. 

Since then we can write the continued fraction 

Oj + ttg + ' " + dn 



in the form 



Oi— O2 Os 



bn- 



¥ 



On-iOn 



&+ &+ &+ '" + k 

qn can be written in the form of the skew determinant 
* , a, , 0,0... 

— «!, k , Oa , ..i 

,-02, * , as ... 
, ,-a8, * ... 



where a^= /f^r±l^). 

Thus the convergents to a continued fraction can always be 
represented by the quotient of two skew determinants. 



7. In any determinant D we have 

cPD _ dP dP dP dP 

dOii dann dOin ddni' 



P 



doiidan 
For P take the continuant qn (Art. 5), then 



d^P 



doiidann bi 
dP 



— , .pn-i, 



dP 
dann 



= 6263 .•• bn, 



dP 



dCfrii 61 



= (-1)-^ 



Thus qnPn-i - qn^iPn = (-!)'* bj)^ ...bn.. 

8. In the case of the ascending continued ifraction 
61 + 62 + 
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it is clear that if the nth convergent be — , the scale of relation is 

Hence q^ = OiCia . . . ««• 

To determine pn we have the system of equations : 
Pi = 6i 

— (hPi + Pa * =62 



«n-iPn 



i + Pn-i =tn-i 



The determinant of this system is unity, all the elements to 
the right of the leading diagonal vanishing ; 



1 , 0,0. 


.. 0, b. 


-a,, 1 , 0. 


.. 0. 6, 


,-a,, 1 . 


.. 0, t. 


, 0,0.. 


. 1, 6„-i 


, 0,0.. 


• - On. ^n 



Multiply all the columns except the last by — 1, and move the 
last column to the first place ; the determinant is utichanged, thus 



Pn = 



61,-1, ... 0, 

62, Oa , — 1 . . . 0, 

63, 0, as ... 0, 



6n, 0,0 ...0, an 
The nth convergent to the fraction is 

Pn 
OiCti ... an' 

The number of terms in pn is n. 



Digiti 



zed by Google 



218 



THEORY OF DETERMINANTS 



[chap. XVI. 



9. By means of these determinant expressions for the conver- 
gents we can transform an ascending continued fraction into a 
descending continued fraction. 

In the determinant pn of the preceding article multiply the rth 
row, beginning with the last, by ft^^x, and subtract from it the 
(r — l)st row multiplied by br, and do this for all the rows. The 
determinant is multiplied by the factor 

61 6s ... bn-i = kr\ 
say, and 
Pn^k 



, - an-ibn , Onbtir-i-^-bfi 



K 


-1 , 


... 


0, 


oA+.K 


-b, ... 


0, 


-a,bt, 


(hh+bi ... 


0. 


, 


...On^l 


0, 


, 


... -a 


0, 


, 


... 



Similarly, since 







0, Oa, -1 
0, , a. 



. 
, 
, 



?n = * 





0, , ... a„_„ 


-1 




0, , ... , 


an 


a, , -1 , ... 




— Oih, Oj6i + 6s, -61 ... 




, -Oaft, , 036, + 6,... 

















... - an-ibny an6n-i + \ 

Now on inspection it is clear that these determinants are 
continuants, as defined in Art. 3, whose 2nd, 3rd ... (n — l)st rows 
have been multiplied by fci, fca ••• ^n-a respectively; also 
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On-^bn^sbn-i On^ibn^bn 



in Oi - «J^i + 6j — (hbi + 68*' an_i6n-a + ^f^-i — ^n^n-i + bn * 

which gives us a rule for transforming an ascending continued 
fraction into a descending continued fraction, the number of 
quotients in each being the same. 

10. We can make immediate use of this theorem to deduce a 
formula of Euler's, by means of which a series can be converted 
into a continued fraction. 

Take the series 

JLi, 1, 0, ... 
ila, 1, 1, ... 
A,, 0, 1, 1 ... 



iln,0, 0, ... 1 



as we see by subtracting from each row the one below it, beginning 
with the last, when the determinant reduces to its principal term. 
Multiplying each column after the first by — 1, we reduce the de- 
terminant to the continuant for an ascending continued fraction. 
Thus the above series is equal to : 



(-i)» 



1 -1 ;■• -1 -1' 



and transforming this by the rule just obtained to a descending 
continued fraction 



flf = (-!)»-> 



41 



Ai A^ 



A,A, 



^n-^Aii 



1 — A^" Ai-h J-a — -da •+• An — An^i 

•"9 AjAs Afi^^Afi 



1+ ^i-il,+ ^a--48 + 

If the original series is 



Afi—i "■ An 



Ai -a.j -dj 
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we can obtain its form as a continued fraction by altering the 
continuant to S in accordance with Art. 6, when we get 



8 = 



A,^ 



A-i + -0-2 — -4i + -O-j — A.2 + 



11. Various generalisations of continued fractions have been 
devised by Jacobi and others. The following generalisation, due 
to Furstenau, is taken from a review of his memoir by Giinther. 

If X and y are any two real numbers, and we write 



Xi X2 

y = ao+-, yi = ^ + -^ 



y2=«2+- ... 



^ = Oo H — » dJi = Oi H — , ^2 = ^2 H — ... 
Vi y2 Vz 

where a and h are the greatest integers contained in x and y, 
then on substituting we have : 



and 



3/ = ao + 



6i 


, 1 








r 


6, 

1 


1 

1 






04 


1 






a4 










6, 

+ 


, 1 








-f- ■ -- 
as 


1^^ 




Oi 


^4 




_L 


1 

4.. 






1 






as 


1*^ 











a? = 60 





1 


a. 


a4 + 


Oi 


+ - 


_|_ 


^b 




Os 


a4 
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If now all that stands to the left of one of the vertical lines be 
called a first, second ... convergent, and if we denote the numera- 
tors of a? and yhyXp, F^, while the denominator, which is clearly 
the same for both, is called iV^, we shall have 

<r, X, JV)^i = a^,(F, X, N)^ + b^^, (7, X, iV)^, + (F. X. N)^. 

Thus the equations have four instead of three terms, and 
we get 

do , 6i , 1, ... 

— 1, di y fca* 1 ... 
0,-1, tta, fcs ... 



F,= 



X,= 



iV,= 



, 0, 0, ...ttp 

6o, 1 , 0, ... 

- 1, Oi , 62, 1 ... 

, — 1, Oa, 63 ... 

, , 0, ...ttp 

Oi , 63 , 1, ... 

-1, Oa, 63, 1 ... 

, -1, 03, 64 ...0 



, , 0, ...dp 
Corresponding to the theorem of Art. 7 we have now 






p-l 



= 1. 



12. If ordinary continued fractions be called fractions of the 
first class, those in Art. 11 may be called fractions of the second 
class. 

Flirstenau extends the idea still farther, and summing up his 
results we may state them as follows: If we seek to determine 
n quantities a?i, ajj ... ar^ as fractions of the form 



OC^'- 
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each such fraction can be written as a continued fi-action of the 
(?i— l)th class. The jpth convergents to these continued fractions, 
take the form 



»-pi 



^P2 



^pn 



N/ N/" Np' 



and if 



a„ 



^, n+i 
^a, n+i 



^n+i, 1 • • • 0^»»+i, n+i 

are the quotients entering into the continued fractions, then 

JSp = O^p-Np—i + 0t2piVp_2 + . . . + flt»-f 1, i> ^p-n—1' 

The quotients X and JV are always connected by the equation 



■^p—h 1 » -^p— 3, 1 



-^i« » -^p-l, 2 > ^i 



p—i,2 



^p-n,i 



^-p-n, 3 



■^pny ^p-i^n) ^p-%n ••• ^p-n^n 



iVp , -^ p—\ 



Nr. 



...Nr, 



= (-1)' 



|»IP 



'p— a ••• -^^ p—n 

The author also shews that the real roots of an equation of the 
nth order can be represented as periodic continued fractions of the 
(n — l)th class. 
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CHAPTER XVII. 

APPLICATIONS TO GEOMETRY. 

1. The axes being rectangular let the co-ordinates of the 
angular points of a triangle ABC be (a?i, y^) (a^, y^ (x^, y,). Then 
if A is the area of the triangle it is plain ifrom the figure that 




A = trap. jBi\^. — trap. BL — trap. CL 
= i (^2 + ys) (a^- «») - i (^2 + yi) (x^-a^) - i (yz + yd (^i - ^3), 
or 2A == y^a^ - y^os^ + a^s^i - ^ij/s + ^13/2 - ^2^1 



1, 1, 1 



1, ^1, 3/1 
1, ^2. 3/2 

1, a?8, 3/s 



If the axes were oblique this would have to be multiplied by 
the sine of the angle between the axes. Thus 

2A = sin (ZF) 



1. 


1, 


1 


«1, 


«j. 


Xt 


yy> 


y», 


y* 
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where (X Y) is the angle between the axes. This form, however, 
is not often used, and unless the fact is specially mentioned the 
axes are supposed to be rectangular. 

If we multiply the first row by x^ and subtract it from the 
second, then the first row by y, and subtract it firom the third, 
we get 

2A= «?2 — ^l» ^8 — ^1 

It must be noticed that the area of a triangle changes sign if 
we alter the cyclical order of the letters. Thus ABC and ACB are 
equal triangles, whose areas are opposite in sign ; ABC and BCA 
are equal in magnitude and agree in sign. 

2. Let the co-ordinates of the angular points of a tetrahedron 
ABCD be {xi, y^, -s^i) ... (^4, ^4, zd' Let V be its volume. 

Let A be the area of the triangle BCDy and let the equation of 
its plane be 

{x — x^ cos a + (y — 3/2) cos /8 + (2^ — z^ cos 7 = 0. 

The projection of the triangle BCD on the plane of xy is 
A cos 7, and the co-ordinates of its angular points are 

(aJa, y,)(a78.3^s)(^4, 3^4); 



thus, by Art. 1, 



2A cos 7 = 



Similarly we get 



2Acos)8 = 



x^ — x^y 374 — a?2 



fl/J — X^y X^ ~- X2 

2Acosa = 



Zi — Z^y Z4, — Z^ 



If p is the perpendicular from A on the plane BCD, 

-i> = (j!»i -^a) cos a -h (yi - y%) cos /8 -h (-8^1 -^2) cos 7. 
Hence 
-6F=-2Ap 

= 2A cos a {xi — a?a) + 2A cos /8 (yi — y,) + 2 A cos 7 {z^ — z^ 



= (^i-a?,) 



yz-y^, yi.-y% 

Zz — Z^y Z^ — Z^ 



+ (^1-^8) 



ZZ Z^y Z^ — Z2 

X^ — Xq, X^ — X^ 



-^(zi-z^) 



a?8 — X2t ^4 — X^ 

ys-y., y4-y. 
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X1—X2, x^-^x^^ 374 — a?a 

yi-y2, ^8-^2, 1/4-1/2 

Zl — Z^y Zi — Zi, Z4 — Z2 



1. 1, 1. 1 

a?i — a?„ 0, x^—x^y a?4 — dJa 

fTj — 2^8, 0, Z^ — Z^y Z4, — Zi 



If in this last determinant we multiply the first row by 
^2> y2» -3^2 and add it to the second, third and fourth rows re- 
spectively, we obtain 

6F= 1, 1, 1, 1 

X^y a?2» ^8» ^4 

yi, ^2, y«, y4 
^1, ^9, ^«, ^4 

3. If the tetrahedron be referred to oblique axes through the 
same origin, and if the cosines of the angles these make with the 
rectangular axes be given by the scheme 





X 


Y 


Z 


X 


k 


h 


u 


y 


mi 


m. 


^ 


z 


ni 


ih 


w» 



w^hence 

1. 1. 1, 1 

X^y X^y X^y X^ 

yi, y2, ys, y4 

^1, ^2, ^3. ^4 

Now let 



a: = XZi+r4 + ZZs, &c. 



1, 1. 1, 1 

JLly -A2, JLj,, Jl4 

^\i ■*2i -*8» ■** 

Zi, Za, Zs, Z4 



1, 0, 0, 

0, Zi, mi, Til 

0, Za, ma, Tla 

0, is, ^, Wj 



D = 



Zi, mi, Wi 

ia, ^, ^ 

^8, ^, W, 



then remembering that 



«i^+mi« + ni8 = l, 
iiia + wiima + niWa = cosXF, &c.. 



S. D. 



15 
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D» = 



1, COS XY, cos XZ 
cos YX, 1, cos YZ 
cos ZX, cos ZYy 1 



This determinant is usually called the square of the sine of 
the solid angle contained by the oblique axis, in analogy with 
the determinant 



sin«Zr = 



1, cos XY \ 
cos FZ, 1 I 



in a plane. Thus 



i)«=sin«(ZFZ). 

And in oblique co-ordinates 

6F=| 1, 1, 1, 1 sin (ZF^. 

Zi, Zj, Zj, Z4 

'\ Y Y Y Y 

I -Zi, -Za, Zs, -Z4 

4. From the determinant expressions in Arts. 1 and 2 we can 
at once write down a number of geometrical relations. 

If the distances x be measured along a straight line from 
a fixed point, we see that 



1, Xi 

1, sou 



= (^t -«?»)=(**) 



is the distance between the two points marked k and i. The 
determinant 

1, a?i, 1, a?i 

1, x^t I, ^2 
1, iC„ 1, x^ 
1, a?4, 1, a?4 

vanishes identically, because it has several columns alike. Ex- 
panding it by IV. 5 according to products of minors from the first 
two and last two columns, we get 

(12) (34) + (13) (42) + (14) (23) = 0. 
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Or, if we call the points A,B,G, D, this is the well-known relation 
between the segments formed by four coUinear points 
AB.CD-\-AC,DB + AD.BC = 0. 
If we expand the vanishing determinant 

I 1, Xi, yi, 1, xu Vi I (i=l, 2...6) 
according to minors from the first three and last three colunms, 
we get no geometrical relation, the terms cancelling each other 
in pairs. 

But if we expand the determinant 

I 1, a^iy yu Ziy 1, Xi, yi, Zi | = (t=l, 2. ..8) 
according to the products of minors from the first and last four 
columns we get an identical relation of thirty-five terms between 
the volumes of the tetrahedra formed by eight points. 

6. Again, for five points, 

1, 1, 1, 1, 1 =0. 

1, 1, 1, 1, 1 

a?i, a?2, iTj, x^, Xs 

Vu 2/2, ys, 2/4, 3/6 

Z\i ^2, ^8, ^Ai ^5 

If Vi = volume of tetrahedron (2345) and we expand the deter- 
minant according to the elements of the first row, by iv. 10, 
we get 

6. By the theorem VI. 20, 



1, 1, 1 




1. 1. 1 


= 


1, 1, 


I 




1, 1, 1 




a?i, a?2, Xs 




gi, g^y fs 




^1, fl, 92 




^8, aJj, X^ 




yi> y2> j/z 




^1, V2} Vs 




2/l> Vly V2 




Vzy 2/2» 2/3 




+ 


1, 1, 1 




1, 1, 1 


+ 


1, 1, 1 




1, 1, 1 




a?l, ?2, fs 




fi. a?2, a?8 




«1, ^8, fl 




^2, ^2, a?8 




2 


hi Viy Vs 




^ 


1,^2,2/8 




I 


/l, Vsy Vl 




^, 2/2, J/8 



Or if the two sets of three points be called ABC, DEF, 

ABC X DEF= ADE x FBC-hAEFxDBC+ AFD x BCE 

is a relation between triangles. 

15—2 
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1, 1, 1, 1 




^1, ^2, ^Sy ^4 




yi, ^2, yj, ^4 




^l> ^2» ^8> -^4 





1, 


1. 


1, 


1 


f«, 


f., 


f4. 


Xt 


%, 


%. 


'74. 


y* 


?2, 


r.. 


r«, 


Zt 



The product of the two determinaats 

1. 1, 1, 1 

bl> b2> Ssi ^4 
%> ^2> Vz* Vi 
bl> ?2» ?3» ?4 

can be represented either as a sum of four terms 
1, 1, 1, 1 

^1, ^2, «8, ?1 

.Vi, 2/2, ys, %^ 

^1> -^2* ^9* bl 

or as the sum of six terms 

1, 1. 1, 1 1, 1, 1, 1 

^l> ^2> fl> ?2 SS> ?4> ^S> ^4 

Vly 2/2» %, ^2 ^S, ^4, yS, ^4 

^1» ^2» ?1, ?2 ?S, ?4, ^8> ^4 

Or calling the two sets of points A BCD, EFOH, we have the 
identical relations between the volumes of tetrahedra : 

. ABGD X EFOH = ABCE x FOHD - ABGF x ©iJj&i) 

+ ^£C(? X HEFD - ^£Cfr X FGED 

ABGD X JS^jPGff = ABEF x G^CD + ^ J3Gif x EFGD 

+ ABEG X HFGD + ^JSff^ x ^GCD 

+ ABEH X i^GCi) + ABFG x j&iTCD. 

Application of Alternate Numbers in Geometry, 

7. In applying alternate numbers to geometry, a number 
stands for a point in a flat space whose dimensions are one less 
than the number of units. 

To begin with a plane, the units ^1,62, e^ stand for the vertices 
of a fundamental triangle ABG. Any other number 
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stands for some point in the plane of the triangle. It is generally 
convenient to assume that 

a? + y + 2r=l, 

so that X, y, z may be taken to mean the ratios of the triangles 
PBG, PC Ay PAB to the triangle ABC, though this is not neces- 
sarJ^ 

If P and Q are two points, then 

mP + nQ 

is a point in the line PQ, dividing PQ in the ratio n : m. Thus 
i (P + Q) is the middle point, and P^Q the point at infinity of 

Similar definitions hold for a space of three dimensions. 
Four points A BCD being taken and represented by the units 
^1, ^2, ^z> ^4 ai^y other point in the space is represented by 

P = xei+ye2 + ze^ + we4, , 
where if we choose we may write 

X being the ratio of the tetrahedron PBCD to ABCD, 
And so on for a space of any number of dimensions. 
Then a binary product er^, is a unit length measured on the 

line joining the points ery e, or the distance between the points 



A ternary product Cre^t is a unit area measured on the plane 
of the points Cry Cg, et, or the area of the triangle formed by the 
points Cry egy et. And so on. 

In a space of two dimensions the product of three points is 
the area of the triangle they form referred to the fundamental 
triangle. 

Now if P = ari^i + yiCz + ZiBsy 

Q-x^ei-i- ... 

PQR= x^y y^y z^ e^e^. 
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And eie^i = ABC= A, the area of the fundamental triangle, so 
that in areal co-ordinates 

PQR= a?i, 2/1, ^i 

Similariy in a flat space of three dimensions if 

is the volume of the fundamental tetrahedron, the volume of the 
tetrahedron formed by four points is 

PQR8== xuy,. z,. w, V. 

a?2, ya* ^2, ^2 
^8, y3> ^8, "f^Z 
^A> 2/4, -8^4, ^4 

Similar definitions may be stated with reference to flat spaces 
of more than three dimensions. 

The assumption which has been made throughout the present 
work, that the product of all the units of a system is unity, 
receives here its justification and explanation. For, geometrically 
speaking, the product of the units is the measure of the funda- 
mental figure of the space considered, whiqh is our unit of 
measure. In a plane, for example, it is the area of the triangle 
of reference, in ordinary space of three dimensions the volume of 
the tetrahedron of reference. It is no part of the plan of the 
present treatise to develop the geometrical applications of alter- 
nate numbers ; for these we must refer to the memoirs and works 
of Grassmann and Schlegel. 



Angles between straight lin^s. Solid angles. Spherical figures. 
8. With rectangular axes let 

I2, ^2, ^2 \j> t^y ^2 
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be the direction cosines of two sets of straight lines, then 

cos (ik) = li\k + mi/ijb + riiVk 

is the cosine of the angle between the ith line of the first and A:th 
of the second system ; and, by compounding the two arrays, we 
get the determinant 

I cos (ik) I . 

Hence by v. 3, if there are two sets of four straight lines 
we get 



cos (11) ... cos (14) 



= 0. 



.(i). 



cos (41) ... cos (44) 
If there are two sets of three straight lines a, b, c, /, g, h, 



cos of, cos ag, cos ah 
cos bfy cos bg, cos bh 
cose/", cosc^r, coscA 



h* wis, Ws 



Xi, /^, Vi 



= sin {ahc) sin {fgh) (ii). 

If there are only two straight lines in each set 



cos (11), cos (12) 
cos (21), cos (22) 



Zi, mi 






+ .... 



Now if 71, V be the directions of the shortest distances between 
the lines of each pair, and d, ^ the angles between the pairs, 

I Zj, roi 

' Za, ma 
cos (11), cos (12) 
cos (21), cos (22) 



= sin d cos {nz)y &c. 

= sin 6 sin <^ cos {nv) (iii). 



9. If in the relation (i) of Art. 8 the two sets of straight lines 
coincide with one set of straight lines a, 6, c, d, we have 



1 , cos (at), cos {ac\ cos {ad) 

cos (6a), 1 , cos (6c), cos (bd) 

cos {ca)y cos (c6), 1 , cos {cd) 
cos {da)y cos {db\ cos {dc\ 1 



= 0. 
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This is the identical relation between the mutual inclination 
of four straight lines in space, or also the relation between the 
sides and diagonals of a spherical quadrilateral. 

If we write — cos (AB) for cos (ab), or what comes to the same 
thing change the signs of the elements in the leading diagonal, it 
becomes the identical relation between the cosines of the dihedral 
angles of a tetrahedron formed by four planes A, B, G, D perpen- 
dicular to the lines a, b, c, d. 

10. If the two straight lines marked 1 coincide with two 
straight lines u, v; while those marked 2, 3, 4 coincide with a 
set of oblique axes x, y, z, 

= 0, 



cos UVy 


cos lUV, 


COS uy, 


cos uz 


COS aw, 


1 , 


cos xy, 


cos xz 


cosyv, 


cos yx, 


1 , 


COB yz 


cos zv, 


cos zx, 


cos zy, 


1 



which gives the cosine of the angle between two straight lines u, v, 
referred to a set of oblique axes x, y, z, in terms of their direction 
cosines. 

11. As another example of the use of the same formula, let 
ABCy A'B'C be two spherical triangles, 0, (f the centres of the 
small circles circumscribing them. For our two sets of straight 
lines take the lines joining the centre to O'ABC, OA'B'C. Then 
if 00' = ^, and jR, B! are the radii of the circumscribing circles, 
we get 

cos ^, cos B\ cos Ry cos R = 0. 

cos jR, cos {AA')y cos (AR), cos (AC) 

cos R, cos (BA'l cos (BR), cos (BC) 

cos iJ, cos (CA'l cos (CR), cos (CC) 

We can write this 
cosif}&m(ABO)sm(A'RC')^-coaRco8R 0, 1 ... 1 

l,coQ(AAy..cos(AC') 

l,cos(C4')...cos(C(70 
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If the angle at which the small circles cut is ^^ 

cos if} = cos jB cos Bf — sin jB sin iJ' cos ^^ ; 
and the above formula can be written 

(1 - tan R tan R cos yfr) sin (ABC) sin (A'RG') 
0, 1 ... 1 

l,cos(il^') ...COS (AC) 
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1, cos (Gil') ... cos (C(7') 
If the two systems coincide -^ = tt, and we get 
sec^iJ, 1, 1, 1=0, 

1, 1, cos c, cos b 
1, cos c, 1, cos a 
1, cos b, cos a, 1 
a, by c being the sides of the spherical triangle. 

12. Similar relations can be developed in the same way for a 
plane. 

In a plane we can shew that for two sets of three straight lines 



cos (11), cos (12), cos (13) 
cos (21), cos (22), cos (28) 
cos (31), cos (32), cos (33) 



= 0, 



and then deduce 

1, cos G, cos B 
cos (7, 1, cos A 
cos By cos Ay 1 



= 0, 



cos (opy), cos (xa), cos (xb) 
cos (ay), 1, cos(a5) 
cos {by)y cos (ba)y 1 



= 0, 



similar to the equations in Arts. 9 and 10. 

13. Next, let us compound two arrays 

1, l^y rriiy ni 1, -Xi,-/Ai,-i/i 



l>"~^i""lUy,-" Vp 



h Ipy "nip, rip 
We get the determinant 

I l-cos(iifc) 1 = 1 2sin4(*)|. 
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Hence, by V. 3, for two sets of five straight lines 



sin2i(ll)...sin4(lo) 



= 



.(i). 



sin2i(51)...sin«i(55) 
For two sets of four straight lines a, 6, c, d ; a , h\ c\ d\ 



16 



sin2j(aa')...sin«J(ad') 
sin2i(da')...sin2i(dd') 



= - 1 1, Zi, m^, ri^ I X 1 1, \i, fii, Vi \ 

(1=1,2,3,4) (ii). 



Expanding the determinants on the right according to the 
elements of their first column, our determinant 

= {sin (bed) + sin {cad) + sin {ahd) — sin {ahc)\ 

X {sin (6Vd') + sin (cad') + sin {a'h'd') - sin (a'6'c )}. 

For two sets of three straight lines, our determinant is 
l-cos(ll)...l-cos(13) 



1 - cos (31)... 1- cos (33) 



or 



1, ... 

1, l-cos(ll)...l-cos(13) 

1, 

1, 1 - cos (31) ... 1 - cos (33) 



1, -1, 
1,- cos (11) 

1, 

1, - cos (31) 



-1 

- cos (13) 



cos (33) 



This is equal to the sum of the products of determinants of 
the third order taken from the two arrays. Omitting the term 









-cos (11) ... -COS (13) 
-cos (31) ... -COS (33) 



we get 
10, 1 



= |l,Z,m||l,X,/x|H-|l,i,nl|l,X,i;l 



+ |l,?n,n||l,/Lt, 1^1. 



j 1, cos (11)... COS (13) 

I 1, cos (31)... cos (33) 

If the straight lines be called a, 6, c ; a , h\ c\ and Ni, -BTg, ^s 
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are the directions of the shortest distances between 6c, ca^ ah, 
we have 

1 1, Z, 7w I = sin (6c) cos {If^z) + sin {ca) cos {N^) + sin (at) cos {N^z), 

1 1, \, /i. I = sin(6V)co8(J^/<?)+sin(c'a')cos(i\rj'2r)+sin(a'6')cos(i\r8'-2^), 

and similarly for the other determinants. In particular, if a 6 c lie 
in one plane, and a'b'c' in another, the normals to the two planes 
being Ny N\ the value of the determinant is 

{8in(6c)+sin(ca)4-sin(a6)} {sin(6V)-l- sin(cV) + sin(a 6')} cos {NN'\ 

viz. this 

0, 1 ... 1 

1, cos {aa') . . . cos {ac') 



.(iii). 



1, cos (ca') ... cos (cc') 

For two sets of two straight lines we deduce in the same way, 
if it, r are the directions of the external bisectors between them, 

0, 1, 1 I 

1, cos (11), cos (12) 
1, cos (21), cos (22) 



. . ab . a'h .^ . 
4 sm -^ sm -^ . cos (Mr). 



14. If we compound the arrays 



ii,mi, n,, 1,0 Xa, Ml, I'l, 0, 1 



lu m,-, Wf, 1, \i, /xi, Viy 0, 1 

0, 0, 0, 0, 1 0, 0, 0, 1, 0, 

we get the determinant 

cos (11) ... cos(li), 1 

cos (il) ... cos (ii), 1 
1 ... 1, 

Hence for two sets of five straight lines 

cos (11) ... cos (15), 1 =0. 



j cos (51) ... cos (55), 1 
1 ... 1 
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For two sets of four lines 
cos (11) ... cos (14), 1 



THEORY OF DETERMINANTS [CHAP. XVII. 

= ~|1, Z,m, ll||l,X,/i.,i;|, 



cos (41) ... cos (44), 1 
1 ... 1, 



and so on. 

But these are not new theorems. In the first, for example, if 
we expand by I v. 24, according to products of elements in the last 
row and column, each term vanishes by Art. 8. 



16. If 



On Systems of Straight Lines. 

cos a "" cos )8 cos 7 
be the equations of a straight line, then 
a = cos a, 6 = cos )9, 



/= 



q r 
cos 13, cos 7 



^ = 



cos 7, COS a 



A = 



c = cos 7, 

P 9. 

cos a, cos yS 



are called the co-ordinates of the line. It is plain that 

a/-h bg + ch== 0. 

16. If the constants belonging to two straight lines be denoted 
by the suffixes 1 and 2, the equation of a plane through the 
second line, parallel to the first, is 

^-Pa, y-?2, ^-r^ =0. 
cos ai, cos )8i, COS71 

cos Oa, COS^Ssj COS 72 

If d be the shortest distance between the two straight lines, 
and the angle between them, it follows that 



d sin ^ = 



i>i-JP2, ?i-?2, n-r^ 
cos «!, cos /81, cos 7i 
cos 02, cos 02 > cos 72 

Pi> 3i, n 
cosaj, cos/81, cos7i 

cos Oj, COS^j, C0S7j 



Pa, qa ^2 

COS Oj, COS /Sa, COS 7j 

cosai, cos)8i, CO871 



= (hfi + b^gi + cjij + tti/g + ftiflrg -h cA. 
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If the expression on the right vanishes, then either d = 0, 
i.e. the two straight lines intersect, or sin^ = 0, when they are 
parallel, and hence also meet. It is convenient to have a name 
for the expression on the right. If a unit force acted in one of the 
lines its moment about the other would be d sin 0, i.e. in terms of 
the co-ordinates of the lines 

Hence we shall call this the moment of the two straight lines. 
If two straight lines meet their moment vanishes. 

17. Let us take two systems of straight lines whose co- 
ordinates are 

Oi, 61, Ci,/i, ^fi, Ai /i', g^\ hi\ Oi', 6/, Ci 



(Hr hi, Ci.fu gu hi fi, gl, hi, a/, 6/, c<'. 

Then if mr% denotes the moment of the line r of the first and 
8 of the second system, by compounding the two arrays we get 
the determinant 

1 ^i* |. 
Hence for two sets of seven straight lines 



m,3 



m,5 



= 0, 



an identical relation between the mutual moments of two sets of 
seven straight lines. If the two systems coincide 



0, ??li2 

m^, 






= 0. 



7W71, m72 ... 
For two sets of six straight lines 

mil ... mi6 =\ Oi, biy Ci, fi, gi, hi \ 

^\fi,gi\h/,ai\bi\Ci' \ (i=l, 2...6). 

mai ... mee 

If one of the sets of six straight lines — say the first — is met by 
a common transversal whose co-ordinates are a, b, c, f, g, h, we 
have for each of the straight lines of that system 
(^fi + bgi + chi +fai -h ^rfti + A^ = 0. 
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Thus the first of the determinants on the right vanishes, and 



mil ..• ^i< 



= 



Wlji ... mge 

is the relation between the mutual moments of two sets of 
six straight lines, one set of which is met by a common trans- 
versal. 

If the two sets coincide we get the identity for a system of six 
lines met by a common transversal. 

18. If the moments of a system of forces about one set of 
seven lines be rrii, m^ ... my, and about a second set Wi, n^ ... n^, we 
can establish an identity among the moments involved. 

For if any force P of the system act in a line whose co-ordinates 
are a, 6, c,/, g, h, we have 

mi = 2P {afi+bg^ + cfh+foi + gbi-^-hci} 

=f,lPa + gitPb + h,XPc + a,XPf+ b.tPg + c^XPh, 

and six other equations for tt^ ... my. Hence eliminating 

IPa, tPb...XPh, 
we get 



Vh, (hy f>U Cufly giy K 
rrij, Oy, 67, (hy/vy g7y ^ 



= 0, 



and a similar equation for the other system. Hence each of the 
determinants 



0, mi, Oi, 61, Ci,/i, g^y hi 

0, T^ty, Oy, 67, Cjy /y, ^Fy, ti^ 

1, 0, 0, 0, 0, 0, 0, 



Wi, 0,/i', gi, hi\ a/, 6/, c^' 

^7* 0,/y',5Fy', V, a/, h/, ol 
0, 1, 0, 0, 0, 0, 0, 



vanishes. Forming their product we get 

mn...miy,rji =0. 



TWyj... myy,Wy 
Vfli ... TWy, 
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Tetrahedra and Triangles. 
19. Let there be two systems of points in space whose co- 
ordinates referred to rectangular axes are (xi, yi, Zi\ (f^, i/i, 5i). Let 
us compound the two arrays 

^1,2/1,^1, 1, -2f„ -2i7„ -25i, 0, 1 



^•i,yt, zu 1, - 2f,, - 21?,, - 2f,, 0, 1 

0, 0, 0, 0, 1 0, 0, 0, 1, 0, 
we obtain the determinant 

Cii ... Cii, 1 



Oil • • • Cii , 1 

1 ... 1 
where Crg = - 2a?^f , - ^yrVs - ^Zr^a • 

To the rth row add the last multiplied by x^-\-y^ -^tz^, and to 
the 5th column add the last multiplied by f^^ + Va^-^^s^ the deter- 
minant is unaltered and its elements are now 

= (^r - ^8y + (Vr - Vaf + (^r - r.)^ 

i.e. dre is the square of the distance between the rth point of the 
first and sth point of the second system. We have then the 
determinant 

dn •.. dii, 1 



dii . . . da, 1 
1 ... 1 

If i = 5 the determinant vanishes, hence 
dn ... cils, 1 =0... 



.(i) 



dgi ... diHf 1 

1 ... 1 

is the identical relation which subsists between the lines joining 
two sets of five points in space. If the two systems coincide 
dii = 0, and the determinant, which is then symmetrical, gives the 
relation between the lines joining five points in space. The 
relation in this form is due to Cayley. 
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If 1 = 4, 

dii ... di4, 1 

^41 ...^44, 1 
1 ... 1, 



XuyuZj.ly 

a?4, ^4, ^4, 1,0 
0, 0, 0, 0,1 



-2fi, -2i7„ -2^1, 0, 1 

-2^4, -2174, -2f4, 0, 1 
, , , 1, 



= 288Fr' (ii), 

where F, F' are the volumes of the tetrahedra formed by the two 
sets of four points. 

If the two sets coincide in a single tetrahedron, for which 
a, a; b, 6'; c, c' are pairs of opposite edges; 



288 F2 = 



If i = 3, we have 



, c'«, V\ a'«, 1 

c^ 0, c», 6», 1 

5'^ c», 0, aS 1 

a\ h\ a«, 0, 1 

1, 1, 1, 1, 



dii ... dw, 1 



=~4|^,y,l||f,i7,li-4|a:,^,l||f,?,l|-4|y.^,l||i7,?,l|, 



dsi ... dss, 1 
1 ... 1, 
all the other determinants on the right vanishing identically. 

Now if A, A' be the areas of the triangles formed by the two 
sets of three points, {l, m, w), (X, //,, v) the direction cosines of 
the normals to their planes, 

I a?, y, 1 I = twice projection of A on plane xy = 2 An, 
and similarly for the others ; hence if ^ is the angle between the 
planes of the triangles 

= - 16AA'cos^ (iii). 



d„- 


. dis.l 


1 . 


.d„, 1 
.. 1,0 



Lastly, if* =2, 

-2ft, 0,1 

-2ft, 0,1 

, 1, 

= 2 (x. - x^) (ft - ft) + 2 iy, - y,) (17, - %) + 2 (^. - ^.) (fi - ?.), 



da, dij, 1 


= 


X,, 1, 




da, da, 1 




a^. 1,0 




1.1,0 




0, 0, 1 
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the other terms vanishing. Now if a, b be the lengths of the 
lines joining the points of the first and second systems and^ 
the angle between them, 



a?i — x^ 



Hence 



a b 




d„, d,a, 1 




^21, d^y 1 




1, 1,0 



+ ...+. 



= cos ft 



= 2ab cos (iv). 



20. If in case (iii) of Art. 19 we allow the two sets of three 
points to coincide with the vertices of a single triangle whose 
sides are a, 6, c, 

16A«= 0, c*, b\ 1 
c\ 0, a^ 1 
5», a^ 0, 1 
1, 1, 1, 

Multiply each column by abc, then 

- 16A=* a^6*c* = , abc^, ab% abc 
ahc^y , a^bc, abc 

ah^Cy a%c, , abc 

abCy abc, abc, 

Divide the first, second, and third rows and columns by 
be, ca, ab respectively, then 

-16A»= 0, c, by a 
c, 0, a, 6 
6, a, 0, c 
ay by c, 

a, 6, c, 
6, a, 0, c 
c, 0, a, 6 
0, c, 6, a 
by an interchange of columns. 

If in the first expression for — 16A' we divide the second and 

8. D. 16 
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third columns by a*, and then multiply the first and last rows by 
a', we get : 

-16A«= 0, c», h\ a« 

c\ 0, 1, 1 

h\ 1, 0, 1 

a\ 1, 1, 

21. If in case (ii) of Art. 19 one of the sets of four points — 
say the first — lies in a plane, then F = 0, and 

du ... du, 1 =0. 



If one of the sets in case (iii) lies in a straight line the cor- 
responding triangle vanishes ; hence 

dn .'. dis, 1 =0. 



By allowing the second system to coincide with the first we 
get the identical relations between the lines joining four coplanar 
and three collinear points. 



22. 



In the identical relation 

dii ... 0^15, 1 



dsi ... ajs, 1 
1 ... 1 



between the squares of the lines joining two sets of five points, 
let the fifth point of the first system be the centre of the sphere 
circumscribing the tetrahedron formed by the first four points of 
the second system, and the point 5 of the second system the centre 
of the sphere circumscribing the first four points of the first 
system. Then 

CtjH =^ 0^52 ^^ W'BS ^ (mj^ = xt . 
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Also, if (f> be the angle at which the two circumscribing spheres 
intersect, 

d„ = jR« + iJ'« + 2RR cos <!>. 

Hence with an interchange of rows and columns 



dji ... di4, 1, R^ 



d^ ... 0^44, 1, jB* 

1 ... 1, 0, 1 

iJ'»...i?", 1, d. 

Multiply the fifth column by i? and subtract it from the last, 
and the fifth row by iJ'* and subtract it from the last, then 



= 0. 



du ... (ii4, 1, 







du . 


.. du, 


1, 







1 . 


.. 1, 


0, 


1 




. 


.. 0, 


1, 


2RRcoa(f> 



= 0. 



Or, resolving according to the elements of the last row and column, 
we have by Art. 19 (ii) 



57 eVRV'R cos (l> = 



dii 
dii 



di4 
du 



We see from this that so long as the circumscribing spheres 
remain fixed the tetrahedra can turn about in them without 
altering the value of the determinant on the right. The determi- 
nant vanishes if the circumscribing spheres of the two systems 
cut orthogonally. This relation is due to Siebeck. 

23. If in Art. 22 we allow the two tetrahedra to coincide we 
get, since </> = tt, 



16 (6 Fi2y = - 



0, a\ h\ c'» 
a^ 0, c^, h^ 
h\ c% 0, a? 
c\ h\ a\ 



16—2 
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Multiply the second, third and fourth rows and columns by 
a*, 6^ c* respectively, then 

16 (6 VRy af¥(^ = - 0, {ad J, {bb')\ (ccj 
(aa)\ 0, a^b^c^, a^b^c^ 
{bbj, a^b^c\ 0, a^h'c^ 
(ccjy a^b^c\ aJ'b^d', 

Divide the second, third and fourth rows by (a6c)*, then multiply 
the first column by the same quantity, 

16 (6 VEf = - 0, {aaj, {bbj, {ccJ 
{aa')\ 0, 1, 1 
{bbj, 1, 0, 1 
{r^')\ 1, 1,. 
Now if we write 

aa' = he, bV = ky, cc' = kz, 

then if A is the area of the triangle, whose sides are Xy y, z, we 

have by Art. 20, 

(6Fii)« = A:*A«, 

This triangle, whose sides are proportional to the square roots 
of the products of pairs of opposite sides of the tetrahedron, has 
many interesting relations to the tetrahedron. It is sometimes 
called the conjugate triangle. 

FormuloB relating to the Ellipsoid, 

24. Let (xi, yi, Zi) and (fi, 17^, fi) be two sets of points on the 
ellipsoid 

Then, if dra denote the square of the distance between the rth 
and sth points of the two systems and Drs the square of the parallel 
semidiameter, we have 
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^1 yi ^ , 

a c 



_2^ _2rn _2ri 9 
a ' b ' T' 



^ y* ?y 1 
a c 



^?l* .%* .M* o 
a ' 6 ' c ' ^' 



we get as in the preceding articles : — 

For two sets of five points situated on the ellipsoid, 
Oil ... OiB = 0. 



d-Bl ... ^56 



For two sets of four points forming two tetrahedra of volumes 

V, v. 



Uii ... Cli4 



576 rr 



a^ ... a^ 
Similar formulae can be established for an ellipse in a plane. 

If the ellipsoid become a sphere, a = 6 = c = JB, and since all 
diameters are equal, we can replace a^, by d^,. Thus 



dn ... difi 



= 



^81 • • • dn 

is an identical relation between two sets of five points on a sphere. 
This relation is due to Cayley. 

The second relation in this case reduces to the result of 
Art. 22, when the two tetrahedra have the same circumscribing 
sphere. 

25. If the points (xi, yi^ ^%)(^i, Vi, ?t) 8»re not situated on the 
ellipsoid, then since 

"""57, ^ "^ 6' ^~^ 

^Wr' yr" V 2a:,^. 2y,i;, 2^,& , ?,' , g,' , &'. 
a'^ b" c^ a« 6» c> a» "^ 6» C ' 
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if we compound the two arrays whose rth rows are 

^ ,y^ .f^ ^ y» ff 1 
a« "^ 6« "*■ c* ' a ' 6 ' c * ' 

1 zl^ zlHi zl^ ll^ll^^ 

' a ' 5 ' c ' a« ■*■ 5« "*■ c> ' 
we get the identical relation (v. 3) 



Oil ... OiB 



aji ... a«e 
for any two systems of six points in space, and 

^ ,y^ .^ ^ yj ^ 1 

a» ■*■ 5« ■*" c« • a ' 6 ' c ' 

V 1 zM* Z^ Z^ ^l^Vl^^\ 
^ ' a ' 6 ' c ' a« "^ 5« ^ c« I 

(i=l,2...5), 

for any two systems of five pointa 

If in the latter equation all the points of the first system lie 
on the ellipsoid 



('-i-7-M-(^0*-"'- 



we have 






w;* 



satisfied for each point of the system. Hence we see by eliminat- 
ing 

-2p ^^ «2^ p^ q^ 7^__ 
a ' h ' c ' a^^b'^c'' 

between these five equations, that the first determinant on the 
right vanishes. Hence 

Oil . . . Oij =0, 



a5,...a5B 
if the five points of one of the systems lie on an ellipsoid similar 
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and similarly situated to the given one. If the ellipsoid reduce 
to a sphere, we get 

dn ... die = 0, 



an identical and homogeneous relation between the lines joining 
two sets of six points. And 



= 



djl ... Ujg 

for five points situated on a sphere. 



26. In like manner, if for the same systems of points as in 
the last article we compound the arrays 



^ Vl 'h 1 a 
a' b' c' ' 



^< Vi 5 1 
a' b' c'^' 



2|, _2rn 
a ' b ' 



2^1 



,0,1 



0, 0, 0, 0.1, 
we get the determinant 



where 



c« — 



a ' b ' 
0, 0, 

Cii ... Ciif 1 
Cii ».* Cii, 1- 

1 ... 1 

2Xr^s 2yrVi 2Zris 



^*,o,i 



C 

0, 1,0 



b' 



c* 



Multiply the last column by 



a^ b^ ^2 



and add it to the 5th column, and the last row by 



c" 



a« ^ 6« ^ 
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and add it to the rth row, then the element at the intersection of 
the rth row and «th column is' 

And hence (v. 3), 

an ... ai5, 1 



an ... a„, 1 
1 ... 1 



is an identical relation between any two sets of five points in space. 
If the ellipsoid becomes a sphere we regain Cayle/s relation 
(Art. 19, i). 



For i = 4, we have 



On ... au, 1 

a^ .*. au, 1 
1 ... 1 



288 FF^ 

a«6V ' 



V, V being the volumes of the tetrahedra formed by each set of 
four points. 

27. The polar plane of a point P(a?r, yr, Zr) with respect to 
the ellipsoid is 

^r + j» + ^2 - ■^• 

The distance of a point Q(f,, 17,, ?,) from this plane is 

If (Q, P) and q denote like quantities for the point Q, 

(P,Q) ^(Q,P)^^ Xr^, yrVs ZrKs 

p q a^ b^ c^ ' 

This function has been called by Faure the index of the two 
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points P and Q; let it be denoted by I^. Then, by compounding 
the arrays whose ith rows are 



^ .Vi fi 1. 
a' h' c' ' 



a ' b ' c ' ' 



we obtain 



a 



= 



in ... iss 

/u.../i4 36 rr 

' a«5«c» • 



/41.../4. 



28. It may be remarked that these space relations connected 
with an ellipsoid are not really more general than those connected 
with a sphere. For they may be deduced from the latter by 
applying to the whole configuration the homogeneous pure strain 
which changes the sphere 

a?" + y' + -«' = i? 
to the ellipsoid 

FormulcB relating to Systems of Spheres, 

29. If r, 8 be the radii of two spheres, (f> the angle at which 
they intersect, and d the distance between their centres, then 

d« = r" + 5* + 2rs cos <f>. 

The function 

2rs cos <^ = d» ~ r" - fi" 

is of importance in the study of the mutual relations of spheres ; 
it is called the power of the two spheres. We shall denote it 
hy prs' 

If one of the spheres, say «, becomes a point, the limit of 
2rs cos <^ is d^ — r^ i.e. the square of the tangent from the point to 
the sphere, or what is known as the power of the sphere at the 
point, or the power of the point with respect to the sphere. 
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If both spheres reduce to points the limit of 2rs cos <f> is d^, the 
square of the distance between the points. 

If one of the spheres become9 a plane, and p is its distance 
from the centre of the other, 



cos< 



If the second sphere become a point, and p is its distance from 
the plane, the limit of r cos <f> is p, 

30. Let (xi, yiy Zi) and (f*, rjjt, Sb) be the co-ordinates of the 
centres of two spheres of radii r^ and p*, then itpik is their mutual 
power 
p^ = d* — r^ — pj* 

Hence, compounding the two arrays 

a^i, yi, Zu 1, a?i^ + yi' + ^i'-ri2 



and 



a?i, yi, Zi, 1, xi" + yi^ + z,» - ri«, 

-2f„ -2i7„ -2C„ ?x^ + v + rl^-^l^ 1 

- 2f,, - 2i7,, - 2?,, ^^ + i7i« + &^ - />i^ 1, 
we see by V. 3 that for two systems of six spheres 



Pu'-'PlH 



= 0. 



.(i). 



Pa '"Pea 

If cos <f>ije is the cosine of the angle at which two spheres cut, 
we can also write this 

|cos<^iA| = (ik = h 2... 6). 

For two systems, each of five spheres, 

Pw'Pis 



.(ii) 



Pn ...P65 
= |a?,y,^, l,^ + y» + 2r2-r»|x|-2|,-2i7, -2?, p + i7»+?^-pM|. 

If the five spheres of one of the systems — say the first — have 
a common radical centre, taking this for origin we should have 
x^ + y^ + z--T^ = (^, 
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where c is the same for all the five spheres. Hence, in the first 
determinant on the right of (ii), the fourth and fifth columns are 
proportionals and the determinant vanishes. 

Thus 



Pu ...piB 



= (iii) 



Pii "-Pa 

when the five spheres of one system have a common radical 
centre. 

If the five spheres of the first system reduce to points (iii) is 
the condition that they should lie on a sphere. 

If bot^ systems reduce to points we regain Cayley's condition, 
that the five points of one system should lie on the same sphere. 

31. But if neither of the determinants on the right of (ii) 
vanish, expand the first determinant with regard to the elements 
of the last column. 

Then pi = Xi^ + y^^ + V - n* 

is the power of the origin (i.e. any point) with regard to the tth 
sphere of the first system. Then if we write 1, 2, 3, 4, 5 for the 
centres of the five spheres, and denote by 

t;i = (2345), t;a = (3451), &c., 

the volumes of the tetrahedra formed by the points in brackets, 
and if accents denote similar quantities for the second determinant, 
we have in place of (ii) 

\Pik\ = 288 {v,p^ + t^apa + . . . + Vf^p,) (t;i >/ + . . . + v^'ps) 

(i,A;=l,2...5). 

Now describe about the origin a sphere of radius r, cutting 
the spheres rj ... Tb at angles <^i ... ^5. 

We have, since (Art. 5) 

Vi + V2 + . . • + V5 = identically, 
Vil>i+...+V8P5 = Vi(jt>i-r2)+...+V5(p5-^) 

= 2r (v^ri cos ^1 + . . . + ^6 ^6 cos c^j), 
and p being a similar sphere for the second system, 

I Pi;fc I = 2SSprX2viri cos <f>il2vipi cos <f>i (i. A = 1 . . . 5). 
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Thus r%2viri COS (l>i is independent of the particular sphere r; 
let this be the orthotomic sphere of the first four, and let JJ 
denote its radius ; then this sum reduces to 

2t;5 rj jR cos (raiZ), 

and the second factor, in like manner, becomes 

2i;//:)5jB'cos(p5/2'). 
Hence 

Pn -" Pi6 = 1152vav/ripiRR' cos (uR) cos (psRy 



Pa '"Pu 



32. For the fifth sphere of each system in this lasl equation 
take the orthotomic sphere of the first four spheres in the other 
system. Then in the determinant on the left all the elements in 
the last row and column vanish except ^55, and 

p„ = 2i2jB' cos (iJi2'). 
Hence we obtain 

;)n . . . pu 2RR cos {RR) = Wh^v^v^R^R^ cos« {RR\ 



p^ ...pu 

Or dividing out the common factors and writing F, F' for v^, v/, 
we get for two sets of four spheres 



Pll'-'PU 



576VV'RRcos(RRy 



If the spheres reduce to points we regain Siebeck's formula 
(Art, 22). 

The determinant on the left vanishes if the orthotomic spheres 
of the two systems of spheres cut orthogonally. 

33. To determine the meaning of the determinant 

\pa\ (i,A; = l,2,3). 

In the determinant of Art. 32, let the fourth sphere of each system 
be the plane determined by the centres of the fii*st three spheres 
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of the other system, then if A, A' be the areas of the triangles 
formed by the centres, <f> the angle between their planes, 

F' V 

lim. — r = 3A cos <f>, lim. — = 3A' cos^^. 

Also if the radical axis of the spheres of the first system meet 
the plane of centres of the second system in P, whose power 
with reference to the spheres is p, and P', jj' denote like quantities 
for the other system, 

2RR cos (BR) = PR^ -p -/. 
Hence 

J3ii . . . Pi8 = 16AA' cos (PR^ "p - p'). 



PS1'"PU 



34 In the relations 

du ... diB, 1 



c^i ... das, 1 
1 ... 1 

d„ ... di4, 1 



= 0, 



:- 288 FF', 



da *.'duy 1 
1 ... 1 

of Art. 19, let us suppose the sets of points to be the centres of 
our spheres. 

Then if we multiply the last column by p^ and subtract it 
from the ith column, and the last row by r*^ and subtract it from 
the A;th row, we get the relations 



Pu ...pis, 1 

Pn •••Pbbi 1 
1 ... 1 

Pn ..i>i4, 1 

P41...P44, 1 
1 ... 1 



= 0, 



= -288FF, 
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connecting the mutual powers of two sets of five spheres and two 
sets of four spheres. 

35. Another element connected with two spheres is the length 
of their common taugent. For two spheres of radii r, s the dis- 
tance between whose centres is d and which cut at an angle (f>, 
the square of the length of the common tangent is given by 

= 2rs cos^ ^<f>. 
If one sphere reduce to a point, t is the power of that point 
with respect to the other sphere. If both spheres reduce to points, 
t is the square of the distance between them. 

36. Using the same notation as in Art. 30, if tut is the square 
of the tangent common to the two spheres 

Uk = (ooi - ^kY + (yi - vkY + (^i - ikT - (vi - puY 

Hence, compounding the two arrays 

^1, yi, ^u n, 1, ^i^+yi'+zi^-n^ 



0, 0, 0, 0, 0, 1 

- 2f „ - 277,, - 2^1, 2p„ ^,^ + vi' + ?i^ - Pl^ 1 

- 2|i, - 2,7,., - 25i, 2p,, ^^ + vi' + ?i' - piS 1 
0, 0, 0, 0, 1, 0, 

we get for two systems of six spheres the identity 



^61 ••• ^66> 1 
1 ... 1 

For two systems of five spheres we should get 



til ... tlQ, 1 



= 0. 



^11 ••• tisf 1 



^61 ••• ^56> 1 
1 ... 1 

using the notation of Art. 31. 



= 576 (Vin + . . . + Vf^r^) (vipi + . . . + V5>6), 
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If ts is the angle at which the plane of similitude of the first 
four spheres of the first system cuts each of these spheres, and 
(rg^g) the angle at which it cuts the fifth sphere, and similarly for 
the second system, we can reduce this to the form 



^11 ••• hsi 1 

1 ... 1 



*^ ** **^' \ COS^g A COSTg / 



COS(pgTB )>^ 
COSTg 



Hence the determinant vanishes if one of the systems of five 
spheres has a common plane of similitude. 

For two sets of four spheres, after some reduction we can 
prove that 



tn. 


..tu.l 


1 . 


.. 1 



= 288W(l-^^). 

\ COS t COS T/ 



where (f) is the angle between the planes of similitude of the two 
systems, and t, t the angles at which they cut their sets of 
spheres. 

37. By compounding the arrays whose ith rows are 

^i> yu Ziy n, 1, ^i" + y^ + ^f - n^ 

and - 2ft, - 2i7i, - 2?,, 2pi, ft^ + 17^' + ^^ - p,^ 1, 

we get the homogeneous relation between the sets of tangents 
common to two sets of seven spheres 



Zyi ... in 



t-n ... &77 



= 0. 



38. We may make use of this last relation to solve the 
problem : Determine the equation of the sphere having with five 
given spheres tangents of the same length. 

Let the equations of the five given spheres be 

/Sfi = /Sg = 0. 
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Take these for the first five of each set of spheres in Art. 38, 
let the sixth sphere be the one required, and the seventh a point 
on the sixth. 

Then we shall have 

and the equation is 

0, fcia, tii, ^4, ^5, 1, Oi = 0. 

tjn, 0, ^23, ^, Cjs, 1, 02 

^n> ^5B> ^68» ^64> ^> 1> ^6 

1, 1, 1, 1, 1, 0, 

^1, S2, Sz, S4, Sf, 0, 

This is apparently of the fourth order, but by means of the 
sixth row and coluipn we can get rid of the terms of the second 
degree in the seventh row and column. 

39. All the equations of this section relating to spheres are 
capable of numerous and varied applications, some of these will 
be found in the examples, and others in the memoirs of Bauer, 
Darboux and Frobenius. 
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Prove the following relations : I7— 5. 



1. 




{h + cf. 


ab , ac 


= 2abc(a + h + ey, 






ab , 


(c + af, he 








ac , 


he , (a + hf 








{b+cy, 


<? , ^- 


= 2(bc + ca + aby. 






<? , 


(c + aY, a"" 








b'- , 


aK , (a + hy 




2. 




1 , 

tan^ , 
sin 2 A, 


1 , 1 
tan ^ , tan C 
sin 2J5 , sin 2(7 


= 0, 


if A, B, 


C are the angles 


of a triangle. 




3. 




1, a:. 

1. y. 
1, z, 


(a + x) ^{e + x) 
(a + y) V(« + y) 
(a + z) Jic + z) 


= 0, 



' '«»V(°j^)*'"V(:^;)-'"-V(rH)=«- 

4. 

1 , cos a , cos(a+^), cos(a+^+y), C08(a+^+y+S) 

cos a , 1 , cos ^ , cos (P + y) , cos (^ + y + S) 

COs(a+^) , cos/S , 1 , cosy , cos(y + S) 

cos(a + /S + y), cos(/S + y), cosy , 1 , cos 8 



co8(a+/S+y+8), cos()^+y+8), cos (y+8), 
5. 



cos 8 



= 0. 



a + 6+c + fl?, a — 6 — c + fl?, a — 6 + c-c? 
a — 6 — c + c?, a + b +c-\-d, a + b — c — d 
a-b + c — d, a + b — c — d, a + b + c + d 
= 16 (bed + acd + abd + a5c). 



8. D. 



17 
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6. If a, b, c are the sides of a triangle of area A, 2« = a + 6 + c, 
then 

(b + c)\ ab , ac y a =-16«A(aVi+6V2+cV3), 

ah , (c + ay, be , b 
ac y 6c , (a + by, c 

a y by c 

*'i> *'2> ^s being the radii of the escribed circles. 

If the elements in the principal diagonal are (6 — c)\ &c., the other 
elements being as before, the value of the determinant is 

. AVa2 62 c2\ 



8 \ri ^2 rj 

(b + cfy ah y ac y a 

ab y (c + aj^y be , b 

ac y be y (a + by, e 

1 



= — l68A{a/ri +br2 + cr,), 



= 16A2-20a6cs. 



1,1, 
(6 + c)2, a6 , oc , 1 
a6 , (c + a)2, be , 1 
CMJ , 6c , (a + 6)2, 1 
1,1,1 
7. If S=ai + Oj + . . . + a^, -^i = ^— «», prove the following theorems : 



.{x + (n--2)S}{x-S)'"-\ 




Al y A2 

8, The determinant 

a, by by 6 

tty by a, a 

by by tty 6 

a, a, tty 6 



(the diagonal consisting of a and 6 alternately and each row being filled 
up with the other letter) is equal to 

(-l)~-i(w-l)(a-6)2». 
The determinant is supposed to have 2n rows. 
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9. If in a determinant all the minors of the second order are 
divisible by the same quantity p, then the minors of the wth order 
are divisible by p^'\ 

10. If in a determinant of the nth order there be a block of ;? by ^ 
elements all of which are divisible by a, the determinant is divisible 
by a^+«-~ 

11. 



?ro 


ve the theorems : 




a, 


6, c, 


d, ,.. 


a, 


a + b, a+ b + c, 


a+ 6+ c + d, ... 


a, 


2a + 6, 3a+26 + c, 


^a + Sb + 2c + d, ... 


a, 


3a + 6, 6a + 36 + c, 


10a + 66 + 3c + e/, ... 



a, 6, c, 0? ... 

a, a + 6, a+2b+c, a+ 36 + 3c + c? ... 

a, 2a+6, 4a-f46+c, 8a+126+6c + c? ... 

a, 3a+6, 9a+66+c, 27a+276+9c + c? ... 



= a~l~-\2»»-a.3"-8...(w-l), 



where a, b, c, d .,. are any quantities whatever, and w is the order of 
the determinant. In the first determinant each row after the first is 
obtained from the preceding by the rule that the rth element of any 
row is the sum of the first r elements of the preceding row. In the 
second determinant the rth element of any row is the sum of the first r 
elements of the preceding row multiplied respectively by the coefficients 
in the expansion of (1 + xY-\ 

(n rows), 



12. 


If 


D = 


a, 


b, 


e, 


d... 








-a, 


b, 


P> 


q ... 








-a, 


-b, 


c, 


r ... 








-a, 



-b, 


-c, 


d... 



then D=2'^-^dbcd.,. 

The elements of the first row and leading diagonal are a^ b, c, d ..,; 
in each column the elements below the leading diagonal are equal to 
the element in the first row but of opposite sign, the others are any 
whatever. 



13. If D = 



cos naQ, cos (w — 1) a^ . . . cos a^,, 1 
cos nai, cos (/I — 1) Oj ... cos Uj, 1 

cos7ia,j, cos(w— l)a,i ... cosa„, 1 



17—2 
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A = 



A = 



COS**ao, COS""*Oo ... COS Oo, 1 

COS^Oi, cos'*'"^ai ... cosa^, 1 



C08**<i„, cosr~^a^ ... COS a^ 



1 



then 



A 



sin(w+l)a^, sin wa^ . . . sin oo 

sin(w+l)a,, sinnoj ... sinai 

sin(n+l)an, sin no,^ . . . sin <!,» 

njn-l) 



= 2 



-^2 _ 9 2 



sinoosm ai ... On. 



14. If 6<jt = (a<i + a^ + ... + a^^) - a^, then 
bu ... 6, 



But if 



= (-l)»-^(n-l) a,, ... a,„ 
am--- ««n 



hi ••• ^n 



= (n-2)(-2)»-^ 



ik 
Oil ... Oi^ 



a, 



'nl 



15. Prove that every power of a symmetrical determinant may be 
expressed as a symmetrical determinant of the same order. 

16. If for each element ««. of a determinant A we write in turn 
^i* + <^i 'we get n^ new determinants. If these be taken as the elements 
of another determinant its value will be 

where S is the sum of all the elements of A. 

17. If u = {X, - a,b,) {X, - a^,) . . . (X, - aA), 
prove that the value of the determinant 

-^1, aj)i, aj>i ... a^bi 

«1^8> «2*8> -^3 ••• »n^8 



Ol^nJ «a^»> «3^n ••• -^n 

1 -STj-Oifti ••• X^-aM' 
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and the value of 

0, «!, Oa ... a„ 
6i, Zi, a^h^ ... a„6i 

62, (hf>%i -^2 ••• «n^2 



Kj<hKy<hK ••• -3r„ 






aj), 



18. If w=(aj-2ai)(a;-2a2) 
theorems : 



^_1 
{x — 2a^), prove the following 



0, 1 , 1 , 1 .. 

1, (aj-ai)% o^'' , (^ •• 
1, < ,(05-02)', «3' •• 
1, Oi* , ai , (a:-a3)^. 



" ^ (fir' 



(a5-ai)% OiOa , OiOj ... 
OjOa , («-a2)^ a2«3 ••• 



=-^-«{-^.-:ii. 



0, a^ , Oa , as ••• 
«!, (x-Oi)', OjOa , OiOs ... 

«8> <*i«8 > »2^3 > (05-03)^... 



ic-2ai 



And if 



Z> = 



(aj-ai)2, oa^ ^^^2 ^ 5^^ 1 

1 , 1 ... 1 
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De l 1 W V ^ 

[X'-2ai X- 2a J 






19. Prove that, if S= x + y + z + u^ 



(S-uf, a? . y» , z' ., 


= 2il 


u» , {S-xf, y' , ^ 




«' , «• AS-yf, «» 




«« , a? , y' , {S-zf 




0, 1 , 1 , 1,1 


1, (5-«)S «» , y' , z" 


1, «« , (5-a!)», y' , z' 


1, M» , a? , {S-yf, ^ 


1, «» , «;• , 2/" , (^- 


-)'l 



05 fl 1 1 1 4] 

^ {x y z u S) 



=S^{Qi^{y-\-z + w)+ y*(a;+« + M) 
+ «*(a; + y + «*) +w'(a; + «+y) 
+ 2xyz + 2a:s;t« + 2^2^ + 2xyu 



20. If X=acnajdna;, <fec. prove that 



snaj, sn'a:, X 
sny, sn'y, 7 
sii«, sn'», Z 



= sn (y — z) sn (« - a?) sn (« - y) sn {x + y-\-z)M 



where 

if = 1 — J^{sD?y sn^« + sn^js sn^x + sn^o; sn^y} 

+ A:* (1 + A:')sn^a: «o?y sn^a; - A^^sna any sn^ ( YZ sna: + ZXany + TFsns;). 

21 . If sn a; en a; dn a; = X, &c. prove that 
1, sn^a;, sn*a;, X = 0, 
1, sn2y, sn*y, 7 
1, sn^«, sn^js, Z 
1, sn^w, sn*2^, ^ 
a; + y +« + 2fc = 2pZ+ 2qiK\ 



provided 

Pf q being integers. 



22. If Sij = aij + a^^^t^ ^^^^ - ai^^^ j-Ut^ f^j, , 

then Su, S,^ ... ^,fc.^ 



'Sfc-fcl, Ofc_fc2... <Si;_ft 
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is the sum of all the minors of order A;-^ of the determinant 
-^ = I ««? h excepting always in such sum those determinants an<J their 
complements of order h which in their formation have two row or 
column suffixes congruent with regard to the modulus A. 

23. If 

D^- 0, 1, 1, 1, 1 ... (wrows), 
1, 0, re, 0, . 

1, y» 0, a?» • 

1, 0, y, 0, X . 
1, 0, 0, y, . 

where all elements are zeros, with the exception of the border, and two 
lines of elements one on each side of the principal diagonal, prove that 

x-^y ' 

x^ + i/^ 2 (- acy)» 
x + y x-\-y ' 

and hence that 



^2n=-ajy^2n-2- 



^ = -xyD^ 



•^2»+l — 



a^f 1 ^ ^fi _ (2n + 1) (a; + y) (- o^f 



{x-^yf 



24. If 



i>n = 



{n rows), 



C, d^ C, (7, C 

hj c, a, c, c 

c, 6, c, a, c 

c, c, 6, c, a 

c, c, c, 6, c 



where all the elements are c with the exception of two lines, one on 
either side of the principal diagonal, prove that 



A»-i=--c| 



a + h-2c J 



Find also the value of />«, 
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25. If 

2>„= 0, 1, 1, 1, 1 ... (w rows), 

1, c, a, 0, .. 

1, h, c, a, .. 

1, 0, h, c, a .. 

1, 0, 0, 6, c .. 

(where, with the exception of the border, the elements in the leading 
diagonal are c, in the lines on either side of it a and 6, the rest are zero), 
then 

" " ^ a+o + c 

c w«-i-t?»-i 



a + b + c ' u — v 
2ab M«-2--y»-2 



a + b-{- c 
where u and v are the roots of the equation 

s^'-cz + ab = 0. 

Hence shew that 

^ w" + v** nc (u^ + v^) 



u — v 



* (a + b + cy {a + b+c){u-vf 

2abn u^-^ + 17«"' _ (- a)** + (- ft)** 
a + 6 + c* («i-v)2 (a + 6 + c)* 



26. The value of the determinant 





t*i , % .. 


. «*n 




Wn , «*i .. 


• «*n-l^ 




«*n-l, W» .. 


• W„_2 




t«2 , Ws .. 


. Uj^ 


(i) If Ur = a + {r-l)b is 




2< 


a + (ii-l)6 . 


- nh\'^- 



(ii) If Ur=af-' is (l-a;~)~-\ 
(iii) If Ur = r^ is 

(_1)« 1^ '\ / {(71+2)**-^"}. 



12 
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(iv) If i^^ = cos {a + (r - 1) b} is 

[cos a — cos (a + nb)Y — [*os (a — 6) - cos {a + (n ~ 1 ) h\f 
2(l-cosw6) 

(v) If w^ = siii {a + (r — 1)6} we must change the cosines in the 
numerator of (iv) into sines. 

(vi) If Ur = af -1 + a;'+»-i + af"-^'^ + ... ad inf., is 

(1-a^)-'. 

27. The solution of the partial differential equation 
A, A... i>n w-0, 
A. A... A-i 



where 



A, A... A 
d 



I 



A 



dx/ 



is u = 1,F(X2 - (ooji , 033 — w^^i • • • ^« - <«>**"* «a)i 

the functions being arbitrary and the summation extending to all 

values of w being roots of the equation «" - 1 = 0. 

28. If in an orthosymmetrical determinant of order n (viii. 20), 
^ (l-g»)(l-g"+^)...( l -g"-^*-^) 
^ (1-^)(1-^Y+') ...(!"- ^Y+*-2)' 
the value of the determinant is equal to 

multiplied by a fraction whose numerator is 

n(n-l) «(n-l)(n-2) 
{-ly-Tq 3 -(l-^)«-^(l-^r-^..(l-^-0 

X (^ - ^)»-l (^y+l - 5«)'^-2 . . . (^y+»-2 - ^a)^ 

and denominator 

(1 -gY)(i -^^+0' ... (1 -^y+"-*)«-^ 

X (1 _^y+«-i)«-i (1 -.^y+»)«-2 ... (1 _ ^y+2«-3)^ 
20. The value of the determinant 



£> = 






()i rows), 
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the elements in the leading diagonal being zero, that in the ith row 
and ^'th column «< + ajy is given by 

where i, k are all duads from 1 , 2 . . . n. 

30. The value of the cubic determinant of order n^ such that 

is given by 






= l-n- 






And if 



a^fc = cos (tti + aj + ai), am = 0, 



(- 1)«-^ Z) 



^ ^ cos (g^ + gfc) sin^ (a< - «a;) 

= W— 1+-^^ S^ o ' 

cos oai cos oaji 



cos Soj cos 3a2 ... cos Sa, 
where t, k are all duads from 1, 2 ... w. 

31. li A = \aik\j B =\hiit\ are two determinants of orders n and w 
respectively, we can form a new square array of {nrnf elements as 
follows. Repeat the array 6^, n times in a row, and take n such rows, 
so that B is repeated like the squares on a chess-board. Then multiply 
each of the elements of that block which stands in the ith row and 
A:th column by ««;• The determinant of the resulting array is equal 
to A'^B^. 



Example : 



A = 



= 


a, h 
c, d 


; B= 


y, 8 1 


aa, ap. 


ha, hp 


= A^B'. 


ay, aZ, 


by, 68 




Co, cj8, 


da, dp 




c- 


f, ch, 


dy, dS 





32. If a, 6 ... Z ; a, ^ ... X are any two sets of n quantities, and 
prove that 



c?„ 



djs 1=0, if « = 7i(r-l) + 3, 



dsi ... dg. 
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dii ... c^a, 1 

^«i ••• c?„, 1 
1 ... 1 



:0,if s = n(r-l) + 2. 



33. < In this and the next five questions 



The determinant 
(m+l)p 



- rT"2T3T77A J 



wi, 



p+i 



(m + l)p+, 






(m + r-l)p , (w + r-i)p+i ... (m + r-l)„ 

(TO + r + «)p , (m + r+«)p+i ... (m + r + «)« 
(7/n-r + «+l)p, (m+r + « + l)p+i ... (m+r+«+l)„ 

{m + r+8-\-t)pj (m + r + 8-ht)p+i ... (/» + r + « + <)„ 
where u=p + r-\'t'hl (the suffixes jt?, jt? + 1, ... it of the rows are con- 
secutive, but w, m + 1, ... m + r, m + r + «, ...m + r + « + i form two 
groups of consecutive numbers), is equal to the product of the two 
fractions 

mp{m+ l)p ... (m-\-7')p(m-\-r + s)p.,. {m + r + 8-t-t)p 

(r-\ -8)r+i(r + 8+l)r+, ... (r-^8+ t)r+ i 

(r + 1 )r+i (r + 2),.^! . . . (r + < + 1),.+, 
34. The determinant 

{m + l)p, (m + 1 )p+i . . . (m + 1 )p+„ (m + 1 )p+.+„ . . . (m + l)p+,+„+« 
(m + 2)p, {m + 2)p+i . . . (m + 2)^+,, (m + 2)^+,+^ . . . (m + 2)^+,+^+^ 

(m + r)p, (f» + r)p+i . .. (m + r)p+„ (r/i + r)p^,+y ... (wi + r)p+.+^„ 
where r = * + w + 1 (the suffixes p, p-\-l, .,. p + s, p + 8 + v,...p + 8 + v+u 
form two groups of consecutive numbers, while m, m + 1, ... m+ r are 
consecutive), is equal to the product of the two fractions 

mp(m + l)p... {m + r)p 

Pp(P + l')p ••• {P + «)p (p + 8-\-v)p.,.{p + 8 + v-h u)p 

(m-p)^_,(m-p +!)„_, ... (m-p + u%_^ 

(i?-l)p_lV^_,(v+l)p_l ...{v + u-l^.. 
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35. Prove that 

«"> Poi i^i ... Pr-l 

(x+ir, (;, + l)o, (/> + !), ...(/) + 1),., 
{x+2r, (;? + 2)o, (p+2), ... (p + 2),_, 

{x + r)», (;? + r)o, (p + r), ...(/> + r)^_, 

vanishes if w<r, but is equal to (- l)"n ! if w = r. If n>r the deter- 
minant reduces to a function of x of order n — r. 

36. Prove that 

i »". Pi ... Pr | = (aJ-;>)" 

I (aj + 2)», (p+2), ... (p+2), , 

i (aJ + O"* (/^ + ^)i ••• (/^ + ^)r 
for all positive values of n less than r. 

37. Prove that 

Poy Pi ••• /'r-l >*"* 

(;^+l)o, (;>+l)i...(;> + l)r-i, (^ + ir 
: (;> + 2)o, (p+2),,.. (;> + 2),_„ (n+2r^ 

I (P + ^)o» (it? + 'r)i ...(/? + r)^-i, (n + r)"* I 

38. Prove that the value of the determinant 



= A*'n"'. 



(m-jo)Wp, 



'*p+i> 



S'^P+a> 



^m, 



^P+8 



(w-p+l)(m+l)p, (w+ !)(?/»+ l)p+i, (g+l)(w+l)p+2, (^ + l)(»w+l)jH.8.. 
(w-;>+2)(m+2),, (n+2)(m+2),+„ (^+2)(m + 2)p+a, (<+2)(w+2)^,.. 

(w-/?+r)(wi + r)p, (»i+r)(m + r)p+i, {q+r){m+r)p^^, (^+r)(m + r)p+^., 

IS -^) . [^ ) f (w -p) {m-p+l){m-p + 2) ... {m -p-^-r), 

Pp{P+^)p'-(P + r)p^ /-/v /- /v /- / V /- /» 

and so is independent of the quantities n, q', ^.. 

39. li A = \ ani\; B=\biie\ are two determinants of order n, and 

prove that f{^)f{-' x) = AB\Hii,-Kij,x'\, 

where the quantities Hn^^ Kg^ satisfy the equations 

Hr\ K^r + H^ K^ + . . . + H^ K^r = 1> 
Hr\ ^u + ^rt -^2« + ... + ^m ^n$ = 0- 
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40. With the same notation as in the preceding question, prove 
that if 

then 

P(X,/t) = i4| /iZTu + X, /aZTij ... ti.H^^ 



= B 



\Kii + fL, X^i2 ••• ^^1« 

X/L21 , X^22 + /* ••• XAajt 



41. If -F (.r) = aoof' + a^x^-"^ + . . . + ««-!« + «n 
pi'ove that 



P = 



Q- 



X, 0, ... 0, ^ 



-1, X, ... 0, 



0, -1, a; ... 0, 



0, 0, ... X, ^ 
0, 0, ... -1, ^ + a; 



l+^'^'ic, -a;, ... 0, 



?«, 1, -oj ... 0, 



^x, 0, 1 ... 0, 



^aj, 0, ... 1, -X 



^(c, 0, ... 0, 1 



F_^) 



F{x)^ 



If Fj.gy Qrs be the coefficients of homologous elements in P and Q, 

a^PrrX-¥<l^Qrr=F{x) 
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Also, if to the elements of P we add the homologous elements of Q 
multiplied by y, the resulting determinant is equal to 

42. Prove the formula for the change of the independent variable 
in the determinant of n functions 



da^- 



-{. 



dx) ^^ 'f* ^*^ '" ^^-^ ' 



dt dt^ 



de- 



43. Let a,, a^, a, ... be a series of n positive numbers, and let s^ be 
the sum of the divisors of r selected from the terms of this series, this 
sum being supposed to vanish for all values of r which have no divisors 
in the above series. Then if 



i>« = 



1 + *n J *] 






-«1, 


-«2 , -«3- 


.. -«»-2 


-1, 


-»1 , -»2 • 


. -«n-3 


, 


n-2, -«i. 


. -*n-4 


, 


,n-3 . 


. -««-6 



the number of positive integral solutions of the equation 
ajSCi + a^Q^ + a^x^ + . . . = m 

n ! 
44. If 8r is the sum of all the divisors of r, then the determinant 



«n-l- 



*n-2 
*n-4 



■~ *»-2> ^ > 



»1 



«3 

«2 



... ^11-3) *n-2 

... *i,-4> *n-8 

W-2, «i ... «n_5, «„>4 

, W-3 ... «»_8, J?„_5 



^1 ~ *2> 


















3, 
0, 



is equal to (- l)*w ! when n is of the form \ (3Ar*=*= A?), but vanishes for 
other values of n. 



Digiti 



zed by Google 



41-49] EXAMPLES ON THE METHODS OF THE TEXT 



271 



45. Let (m, n) denote the greatest common divisor of the integral 
numbers m and n ; and let \ff (m) be the number of numbers prime to 
m and not surpassing m ; the symmetrical determinant 

i>^ = 2«^(l,l)(2,2)...Km) 
is equal to i/r (1 ) ,/f (2) «/' (3) . . . i/r {m). 

46. If il is a skew determinant of order n in which the principal 
diagonal elements are equal to %, and Ai^ its system of first minors, 
prove that 

Ari^gi + A^^Ag^ + ... + A^^Ag^ 

A 
is equal to Aw^a if n is even, and to — w^g if n is odd. 

47. If /(a:) = aj« + aia«-^ + a2iB«-*+... + a« = 
has for its roots 6i, 63 ... 6„, prove that 

/{x) = . X, 61, bi ... 61, 61 
&i, X, h.2 ... K, 62 

1, 1, 1 ...1, 1 

And if 8r is the sum of the rth powers of the roots 











a;, 1 


n|n-l) 






8 


n+l > *tt • • • 


«2, «I 






2tt-i> *an-2 ••• 


*M) *n-l 




48. 


Prove that 












.. a„ 1 


= C*K,a2...aft)^r-n+i, 




<, «»"-' 


...a„, 1 


• 



^p being the sum of the homogeneous powers and products of order p of 

ai, Oa ... a„. 

prove that the value of the determinant of order 2n 



'11 > 



ttii ...««! 



ttni 



^12 > **12 • • • ^n2 > *H2 

^l,2»> <*i,2n ••• ^»,2nj **»i,2»i 
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^ '> • [<^(a,)<^(a,)...<^K)P ' 
<^ {x) = (x-x^) (x-x,) ...(x^ «„). 



[ex. 



50. Prove that the value of the determinant of order 2n+l whose 
ith row is 

1 , sin tti , cos ai , sin 2ai , cos 2ai , . . . sin na^ , cos na^ , 
is 

2^' n sin J (a, -a,), 
where % k are all duads from 1, 2 ... w (i > A;). 

Also that the value of the determinant of order 2n whose tth row is 
sin a^, cos a^, sin 2a j, cos 2aj ... sinna^, cos na,-, 
is 

22H--2n+insin|(ai-afc)^, 

where S= S cos J (oj + ag +.... + a» - a^+i ••• ~ «2n) 

is formed by dividing the 2n angles into two sets of n in all possible 
ways and taking the cosine of half the difference of the sums of these 
sets. 



51. If 



A-^\ 



1 1 



«! — 032 ^2 ~ ^2 



1 



1 



a^-X2 
1 



, 1 
, 1 



^l~^n+l ^"~^TO+l ^n~^n+l 



prove that 



^-(-1)' 



,n ^^ (^> ^2'-'^n)^ {^ly ^'"^n+l) 



where <t> (x) = (x-x{) (x-oc^) ... (x -,a;„+,). 

If B is the determinant obtained from A by writing (a^ — x^y in 
place of (ar-Xg\ prove that 



A 
B 



I 1 



1 



1 



1 1 



, 1 



a„ — ajg 



-<( Oj-aij * «2-a^2 
1 1 



>y 



, 1 
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the function on the right being fonned like a determinant, with all 
the signs positive instead of alternating. 



52. If a, )3 . . . X ; a', )8' . . . X' are two sets each of n quantities, 
and Cr is the product of all the binomial coefficients in the expansion 
of (1 + xf, prove the following equalities : 

(a -a')", {a-^r...(a-\r 



where 



= ^.^*(a,p...\)^(a',^...\')I, 



7 = Ca — a'f a — )8' ... a — X'" 
j3-a', ^-^'.../J-X' 

X-a', X-)8'... X-Vj 

If u = {x-' ay) (x-Py) ,„(x- Xy), 

v={x-ay){x-P'y) ... (.'C-Xy), 
/=(12)«wv, 
using the notation of invariants, 

(a-a')« ... (a-X')« (a-a;)« 



= (-irC„C*(a,i8...X)i*(a',)8'...X>t;, 



(X-.a')«... (X-X')«, (X-a;)» 
(«-a)«... («-X')» 

(a - a')«+i ... (a - X')»^S (a - aj)»+^ 
(X - a')"+^ ... (X - X')«+S (X - a:)»+i 

where 

/= Ta — a ... a — X', a — 05" 

)8-a ...)8-X', )8-a; 



xi:*(a,i8'...X')/.Wt?, 



X - a ... X — X', X — a? 
,a;-a' ... a— X' 



= _(12)«-ittt,. 



Again, 

(a-ar... (a-Xy, 1 

(X-ar".V.*(*X-Xy,'*'l' 
1 ... 1 

8. D. 



= (-ir+'^nC*(a...X){*(a'...X'), 



18 
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(a_a')»+i ... (a-V)'H-i, 1 



[ex. 



(\-a')»+i ... (\-X7+», 1 
1 ... 1 



=('^r^fYy^^(^-^)^^(-'-^y'^ 



r = fa-a' ... a-V, 1 
jx-a' ... \-X', 1 



53. Let there be two systems of binary n-tics iti ... u^; "Wi ... «?n 
where 

And let (t, A;) be the lineo-linear invariant of u^ and Vjt, so that 

(t, A;) = dfuhnk - ^Oii^n-i* + ^«ai^«-sfc - . . . ± ani^ofc- 
Prove that 



(1,1) ... (1,71 + 2) 



(w+2, 1) ... (n + 2, w + 2) 



(1, 1) ... (l,n+l) 
(w + 1, l)...(n+l,n+l) 



= C„ 



«oi> Oil ... am 



^ow+l » ^in+l . . . a«n+l 



= 0, 
^01 > ^u ... Kl 



54. If ai, 02 .•• a„ are the roots of the equation 
prove that 

»(ai> aa...ai») 

55. If «*i = r^» ^ = ? — ^»-i = ^;:- ' 

x^ being a function of ajj, iCj ... aj„_i given by 

aJi' + x^^ + ... + a:«_i^ + a;/= 1, 
prove that 

c?(ai, «2...a;n-i) <^'' 
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56. If w„ = (a; + y + »)'» + (a;-y-2j)« + (-a; + y-«)* + (-aj-y + «)'», 
prove that the Hessian of u^ is 

multiplied by a numerical factor. 

57. If F=UiU^,,,Un, 

where Wj, Wg ... w^ are linear functions of the n variables sCi, iCa ... ^n> 
prove that 

,^'^<"«^>°'-')- K::;:::a ' 



Also that 



^, 



dF 



dF 



dxi '" dxn 
dF ^ d^F 

dxi* dx^ '" dxidxn 



dF d^F 



d^F 



dXn ' dxndxi ' ' ' dxn 



■^ ^ Ld{x,,:.x,)j 



58. If t*i, Wj, ^8 be three functions of x, y, and if 



_ d {u^, u^) 



C?(Ws,Wi) 



d{Ui,u^) 



'''- d{x,y) ' '''- d(x,y) ' ^»- d{x,y)~ 



prove that 



d(x, y) 






59. If Wj, Wj, tt,, W4 are four functions of «, y, and if 

Vj = d^v^ d^Ug d^u^ 

1^ ' 1^' ~d^ 

d^u^ dhi^ (Pu^ 

dxdy ' dxdy ' dxdy 

d^u^ d^v^ d^u^ 

^« ' 57 ' ~df 

and Va, t?,, v^ similar determinants formed from ttj, W4, Uj, &c., then 

18—2 
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from Vi, Vgj ^s» ^4 ^c can form four new functions Wiy w^, w^,w^ in the 

same way as we obtained Vi ,.,v^ from t*i ...W4, Prove that 

c?'t*i d^v^ d^u^ d^u^ 

'db^' 1^' 1^' ~d^ 

d^Ui d^u^ d^u^ d^u^ 

dafdy^ da?dy^ dx^dy^ da?dy 

d^v^ d'u2 d^u^ d^u^ 

dxdy^^ dxdy^^ dxdy^^ dxdy^ 

d^tii d^u^ d^v^ d^u^ 

i ~d^' d^' H^' ~d^ 

where ft is a numerical factor. 

60. For the w* functions i^t* (*> ^= 1> 2 ... w) of the variables 
a?!, 2C2 ... a;„, prove that the cubic determinant whose elements are 

duQt 



dXi 



(hj, ^=1, 2...7l> 



is a covariant. 



61. For the n functions ifrj . . . w„ of the variables a5i . . . a;„ , prove that 
the cubic determinant whose elements are 



is a covariant. 



d^Ui 
dxjdxj^ 



{ij,k=h2„.7l} 



62. If the function u of the variables x^ ... x^he transformed by 
the linear substitution 

^i = Kyi + ^12^2 + ... + K-i^n-i 
to a function v oi'n—l variables, prove that 



^(.) = - 



0, B, ... B^ 



d^u 



Bny W«i ... U^ 

where w^^ = .^ J^ , and (— l)*-5i is the determinant obtained by suppress- 
ing the ith row in the array formed by the quantities bt . 



63. If 



u = ^a^x^Xj^ 



(i,k = l,2..,n)^ 



and 



2),= 



Oil 



Olr 
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prove that the substitution 

1 dDr^^ 1 dD^ 

reduces the given quadric to the sum of the n squares 

u = 1^yr' (r=l, 2...«). 

64. If u and v are two n-ary quadrics and U, V their reciprocals, 
prove that we can by the same linear substitution change u into A V 
and V into BU; A and B are the discriminants of u and v. The 
determinant C of the substitution is the geometric mean between the 
discriminants of U and V, If C be regarded as the discriminant of a 
quadric W, we can by the same linear substitution reduce the three 
quadrics U, V, W to the sum of squares. The coefficient of any term 
in TT so transformed is the geometric mean between the homologous 
coefficients in U and V, 

65. If to the leading elements of the determinant of an orthogonal 
substitution of order n we add the quantities Oi, a3...a„, or the 

quantities — , — ... — , the resulting determinants are equal if 

66. If c^ are the coefficients of an ortliogonal substitution (modulus 
unity) of order n, prove that 



2) = 



Cji — 1, Ci2 ... Cj^ 

C«n 1 Can 1 ... Con 



is equal to zero if n is odd ; but if n is even its value is 

where A is the skew determinant from which the orthogonal substitution 
is derived, and [A] the same determinant with the elements in the 
leading diagonal zero. 

If Da is the coefficient of one of the leading terms in i>, prove that 
when n is even 

2Z>«=.-2>. 
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67. If |c«|=. 

is the determinant of an orthogonal substitution, the equation 



Cii + X, Ci2 



^an 



= 



is a reciprocal one. If n is odd it has one real root - c ; if n is even and 
c = — 1 it has the two real roots + 1. The rest are all imaginary. 

68. The maxima and minima values of 

u=^ag,XiXi,y 
subject to the conditions 

V = ^bfjgXiXjf 

Cji Xi + C|2^2 + • . • + ^^in^n = 
^n-21^ + <'n-2a^ + . . . + Cf^_^Xf^ = 

are given by the equation 

bniU-a^lV ... 5»n«*-«»n^, Cim <^3n ••• Cn-2» 
Cii ... Cin 



= 0. 



69. The values oi Xi, x^ ... Xj^ which satisfy the equations 

aii«i + <^2i^2 + ... + a^^x^ = 



OlrXi + ^ar^ + . . . + Cbmr^m = 1 
Oir+l^l + «2r+liCa + . . . + amr+l«m = 

and make asj* + Xj^ + . . . + a;,^' a minimum are 

where (7 is the determinant whose elements are given by 

C{k = «li»lfc + «2t«a* + . . . ^- «mi«TO*- 
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70. The value of the integral 

// ... XiXjdx^dx2 ... dx^, 

taken for all values of the variables such that 

l,aijXiXj-= < 1, 
the quadric being a definite positive form (i.e. incapable of becoming 



negative), is 






where -4 = | a^j^ | is the discriminant of the quadric. 
71. The value of the integral 

... I c"'*cos(6iaji + 62aa+ ... +6fta;n)^<^'- ^n 

-00 J -90 



where 

is 
where 



U=l^u,XiXk, 



A 



0, 6i, 5a ... bn 
bi, Oil, Oia ... ai„ 

bnj ^nl> ^m '" ^nn 

In this question and the next u is supposed to be incapable of becoming 
negative. 



72. The value of the integral 

I ... I V€~^dxidoc2 ... dx^ 

J -co J — CO 



where 



IS 



V = ^bijsXiXjtj u = Saajit'iiKfc, 

\/(rv2' 



where S is the sum of the n determinants obtained by substituting 
for each column of A in succession the corresponding column of 
the discriminant of v. 
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73. Let Oi, (h^-.a^n+i be 2n + 1 real and different numbers in 
ascending order of magnitude, and let 

P (a;) = (a; - Oi) (a? - Oj) . . . (a: - Ojn+i) 
Q(x) = {x-a^){x^a;)...{x^a^)A 

R{x) = P{x)Q{x), 
A being a positive number. Then if 

roa, F(x)dx _ Q (g^,,) Ca^ P(x)dx 

(these are the complete Abelian integrals of the first and second species), 
and if also 

,_'J-if<h^i P(x)dx ^ J^ Q(<hr-i) ("h^^ F(x)dx 

^" 2 Ja^ {x~a^,,)^B(xy '"'- 2 F(a^_,)Ja^ (x-(hr-,rjB(x) 

then 



J) = 



-^11 9 ^u • • • ^ni > -^ni 
-^ln> An ••• ^nm -^nn 



=g)- 



Prove also that 

dD 
dK, 



74. Prove that the value of the continued fraction 
a h c 



ad inf. 



a+ 1 — 6 + 1-c + l- 
is unity. 

75. Prove that the product of the two continued fractions 

V 32 



a-1 + 
a+1 + 



2(a-l)«+2(a-l)«+*" 

P 3^ 

2(a+l)«+ 2(a+l)*'»+"* 



18 or. 
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76. If w„ is the number of terms in a determinant of order n 
which do not contain any element from the principal diagonal, prove 
that 

t*„ = nt*„.i + (-l)*, 

and hence that -^ is the coefficient of x^ in the expansion of -^i . 

w! '^ 1 —a; 

77. If Un is the number of terms in a symmetrical determinant of 
order n, prove that 



Un-'nUn^-,+ 



-Wn-3=0. 



Also that — ^ is the coefficient of a?** in the expansion of 

78. If [1 .3.5 ... (2n — l)]w„ is the number of terms in a skew 
determinant of order 2n, prove that 

-w^ = (2w - 1) w„_i - (w - 1) «^^_2. 

Shew also that ** is the coefficient of 05* in the expansion of 



2"^! 



V Vi-4* 



2A = 



79. If A is the area of a quadrilateral, the co-ordinates of whose 
angular points are (x^, yi) ... (x^, 2^4), then 

1, 0, a5i, yi 

0, 1, x,,y, ^l«^3-^i, ya-yi 

1, 0, X,, y, l«^4-«^2, y.-y2 

The area of a quadrilateral inscribed in a circle in terms of its sides 
is given by 

16-4 =— -a, b y c , d 

b , -a, d y c 
c , d , —ay b 
d y c , by —a 

80. If the planes 

ttiX + biy + CiZ .+ di = 

touch the same sphere, then 

\au K^u diy Wi| = 



where 



(t=l, 2, 3, 4,5) 
(t=l, 2...5), 



u^ = a^ + bf + cf. 



Digiti 



zed by Google 



282 



THEORY OF DETERMINANTS 



[ex. 



81. A quadric of revolution passes through five points Pi ... P^y 
and the distances of these points from a focus are ri..,r^. 

If Fi = volume of tetrahedron P^P^P^P^, *kc., prove that 

82. Let V, V be the volumes, A, B, C, D ; a, by c, d the areas of 
the faces of two tetrahedra whose angular points are numbered 1, 2, 3, 4. 
Also let Pij^ be the perpendicular from the point i of the first tetrahedron 
on the face opposite the point k of the second, and pu^ a like quantity 
for the other tetrahedron. Prove that 



83. If A, B, C, J) are the directions of four forces in equilibrium, 
and if AB is the moment of the lines A and B, <fec., prove that 

, BA, CA, DA =0. 
AB, , CB, DB 
AG, BC, , DC 
AD, BD, CD, 

If a, h, c, d are the magnitudes of the forces 
a=J{BC.GD,DB),&c, 

84. In Siebeck's determinant, xvii. 22, prove that 
dD 



ddi 



■ = 288m?', 



where v is the volume of the tetrahedron formed by the face opposite 
the point i of the first tetrahedron and the centre of the sphere 
circumscribing the second tetrahedron, and similarly for v'. 

85. If in a system of five points dfj^ is the square of the line 
joining the tth and kth points, and r is a sixth point of the system, 
prove that 



d„» 



drid^ + di2'.. dridrs + C?iB, dri + 1 



dridri + C?i2, 



dr^^ 



,,,d^d^^d^, d^-^\ 



dridrs + difi, dridrs + d^ . 
dri+l , dra+l . 



drn+ 1 



1 



= 0. 
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86. If in a system of seven straight lines, m^^^ is the moment of the 
ith and A;th lines, and r is an eighth line, prove that 






0, 



87. Having given two tetrahedra whose angular points are 
marked 1, 2, 3, 4, let dtj^ denote the square of the distance between 
the tth point of the first and A;th point of the second tetrahedron. 
Prove the following relations : 

(i) For two points P, Q the distances of F from the angular points 
of the first tetrahedron being at, oi Q from those of the second 6^, and 
d=PQ^ 

d, 1, 6i ... 64 =0. 
1, 0, 1 ... 1 

«4, 1» <^41 ••• ^44 

(ii) For the point P and a plane, ^< being the distances of the 
vertices of the second tetrahedron from the plane, p the distance of F 
from the plane, 

= 0. 



p, 


0, 


9-1 • 


■■ q* 


1, 


0, 


1 . 


.. 1 


«1, 


1, 


dn- 


••rf.4 



C?41 ... C?44 

(iii) For two planes, p^, qi being the perpendiculars from the angular 
points of the tetrahedra on them, <j> the angle between the planes, 

= 0. 



-Jcos<^, 0, 


qi ■ 


.. q^ 


, 0, 


1 . 


.. 1 


Pi , 1, 


d^. 


-du 



Pa i 1, ^41 ••• C?44 

88. For a system of six and a second system of five spheres, if 
jPifc is the power of the tth and A;th spheres, 

I 1, Pu ... Pie =0. 



1, Pn 



Pt^ 
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89. The equation 

0, ^S'l, S^f aS',, aSIj =0 

'Si, 0, ti2, ^13, ^14 

represents two spheres touching the given spheres /Si = ... *S^4 = 0; 
tijg is the square of the common tangent to the tth and A:th spheres. 

90. Prove that for any five spheres 3^ = ,., 3^ = 0, 

= 0. 



0, 


1 , 


1 . 


.. 1, 


1 


1, 


0, 


<!» . 


••<«, 


s^ 


1, 


<«, 


. 


•• «», 


s. 


1. 


<n, 


<« . 


.. 0, 


s. 


1, 


Su 


J_ 1_ 


■■s„ 




1 1? 



91. The index of two points being defined as in xvii. 27, the 
index of two planes B, B' is obtained by taking in the planes the points 
ahc^ a'h'c' and forming the determinant 



Imf = 



1 



4a6c . a'b'c' 






and the index of two lines y, y by taking in the lines two points ab, ah' 
and forming the determinant 



/w = 



1 



'■aai^ ■'■alt/ 



'^~ ah.a'b' 
Prove that for two groups of planes numbered 1 



./l4 



/41 ... lu 



/u... /i5 =0, 

' {obey 2ABCD ' lA'BG'Jb' ' 



where a, 6, c are now the semiaxes of the ellipsoid, F, F' the volumes, 
and A ...^A' ... the areas of the faces of the tetrahedra formed by the 
planes. 
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Prove also that for two groups of lines passing through the 
points /*, P' 

= 0, 



In ... /u 



/41 ... I^ 



sin (123)8inr2^) 
/« ... /sa 



92. If between the points of two surfaces we establish the 
correspondence 

i = <f>{x, y, «), ri = ^ (x, y, «), {-x (^» y» «)» 

prove that the ratio of corresponding elements of the surfaces is 
given by 



cUr 

d8~ 




di 
dy' 


di 
dz' 


a 




df) 


dr, 
dy' 


dr, 
dz' 


P 




dx' 


dC 
dy' 


di 
dz' 


y 




« , 


b, 


c 





where (a, 6, c), (a, /8, y) are the direction cosines of the normals to ds 
and d(T respectively. 
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HISTORICAL NOTE. 

The germ of the theory of determinants is to be found in the 
following passage, of unknown date, which occurs in one of the 
manuscripts of Leibnitz left unpublished at the time of his death. 

'^Inveni Canonem pro tollendis incognitis quotcunque sequationes 
non nisi simplici gradu ingredientibus, ponendo sequationum numerum 
excedere unitate numerum incognitarum. Id ita habet. 

Fiant omnes combinationes possibiles literarum coefficientium, ita 
ut nunquam concurrant plures coefficientes ejusdem incognitas et 
ejusdem sequationis. Hse combinationes affectse signis, ut mox sequetur, 
componantur simul, compositumque aequatum nihilo dabit sequationem 
omnibus incognitis carentem. 

Lex signorum hsec est. Uni ex combinationibus assignetur signum 
pro arbitrio, et cse terse combinationes quse ab hac differunt coefficientibus 
duabus, quatuor, sex, etc., habebunt signum oppositum ipsius signo; 
quae vero ab hac differunt coefficientibus tribus, quinque, septem, etc., 
habebunt signum idem cum ipsius signo. Ex gr. sit 

10 + lla;+12y=i^> 20 + 21a; + 22y = 0, 30 + 31a; + 32y = 0, 
fiet 

10 . 21 . 32 - 10 . 22 . 31 - 11 . 20 . 32 
+ 11 . 22 . 30 + 12 . 20 . 31 - 12 . 21 . 30 = 0. 

Coefficientibus eas literas computo, quae sunt nullius incognitarum, 
ut 10, 20, 30." {Leibnizens mathematische Schriften^ ed. Gerhardt, 
2 Abth. iii. pp. 5, 6.) 

Leibnitz then gives a method for finding the resultant of two 
equations in one variable which is identical with that usually known 
as Euler's (Salmon's Higher Algebra, Art. 81). 

In a letter to De L'Hospital dated 28th April 1693 (l.c. 1 Abth. iL 
pp. 229, 238 — 40, 245) Leibnitz gives, in a modified form, his rule for 
finding the resultant of a system of linear equations, after explaining 
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his notation for the coefficients. It is clear that Leibnitz had realised 
the advantage of a double-suffix notation for an array of coefficients, 
and that he had discovered a general rule for constructing what we 
should now call the determinant of the array; but his rule for 
determining the sign of each term is expressed in an obscure and 
clumsy way, both in the passage above quoted, and in the letter to 
De L'Hospital. This letter, apparently, was not published until 1850. 
After a long interval, the subject made a new start, initiated by 
Cramer, B^zout, and Vandermonde. Cramer gave a rule for writing 
down the solution of a general set of linear equations; B^zout's 
principal contribution is the relation |a„„| = 2aiai4i« and its immediate 
corollaries. Vandermonde is really the founder of the calculus of 
determinants, in the proper sense of the term. He gives an independent 
definition of a determinant, denotes it by an appropriate symbol, 
connects the rule of sign with the permutations of either of two sets 
of indices, and obtains the expression of a determinant of order 2m 
as the sum of products of minors of order 2 and minors of order 2jn - 2. 
Thus Vandermonde partly anticipates the theorem, usually known as 
Laplace's, on the expansion of a determinant in terms of conjugate 
minors. 

The actual term determinant (in its Latin form determincms) is 
derived from Gauss's use of it to denote the discriminant of a quadratic 
form. It was introduced, in its more extended sense, by Cauchy, 
whose memoir in Joum, de VEc. Polyt.^ x. cah. 17, pp. 29 — 112 (1812) 
contains, except in the matter of notation, proofs of all the most 
fundamental formal properties of determinants. This and the memoir 
of Binet (ibid. ix. cah. 16, pp-. 280 — 302) exhibit the theory in a 
developed form, and complete the first stage of its history. 

In 1825 F. Schweins published a work (Thearie der Differerizen und 
Differenzicde, u.s.w, Heidelberg) which contains very important results 
relating to compound determinants. Unfortunately his notation is 
very cumbrous : his work received little or no attention, and his results 
were rediscovered by Sylvester, Kronecker and others. 

The discussion of the arithmetical properties of determinants and 
the theory of elementary divisors is of comparatively recent origin : 
the principal contributors to the subject are H. J. S. Smith, Weierstrass, 
Kronecker, and Frobenius. 

In 1877 G. W. Hill published an important memoir on lunar 
theory in which he made systematic use of determinants of infinite 
order (reprinted, with additions, in Acta Math. viii. pp. 1 — 36). The 
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properties of such determinants have been discussed by H. Poincar^^ 
Helga v. Koch, and T. Cazzaniga. 

T. Muir's Theory of Determinants in the Histoi^al Order of its 
Development^ Part i. (London, 1890), gives a most careful and complete 
account of the progress of the theory down to the year 1841. 
Dr Muir has also compiled a list of writings on determinants, two 
parts of which have been published in the Quart. Joum. of Math. 
vols, xviii., xxi.; the third part, coming down to 1900, will shortly 
appear. 
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